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An offline methodology is applied to estimate parameters
of a subgrid-scale non-orographic gravity-wave scheme us-
ing observations from constant-level balloons. The approach
integrates the Ensemble Kalman Filter (EnKF) with an itera-
tive parameter estimationmethod based on the expectation-
maximization (EM) algorithm. The meteorological fields re-
quired for the parameterization offline are taken from the
ERA5 reanalysis, corresponding to the instantaneous mete-
orological conditions found underneath the Strateole-2 bal-
loon observations made in the lower tropical stratosphere
from November 2019 to February 2021 and October 2021
to January 2022. Compared to a direct approach that mini-
mizes a cost function and uses Bayesian inference of param-
eters, our analysis demonstrates that the EnKF/EMmethod
effectively characterizes the launching amplitudes and alti-
tudes of the parameterized gravity waves and while quanti-
fying their associated uncertainties. Furthermore, we illus-
trate how themethod can help improving a scheme, specifi-
cally the results indicate that introducing a backgroundwave
activity renders the convectivewave parameterizationmore
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1 | INTRODUCTION26

It is well known that large-scale circulation in the middle atmosphere is largely driven by gravity waves (GWs) that27

transport horizontal momentum andmodify large-scale flowwhen they break (Andrews et al., 1987). In the tropics, for28

instance, non-orographic gravity waves contribute significantly to the forcing of the Quasi-Biennial Oscillation (QBO),29

a nearly 28-month oscillation of the zonalmean zonal winds that occurs in the lower part of the equatorial stratosphere30

(Baldwin et al., 2001). These waves have horizontal scales much shorter than the 100 km typical horizontal resolution31

of climate global models, and need to be parameterized. Accordingly, almost all state of the art global climate models32

that simulate a QBO include non-orographic GWs parameterization schemes (Scinocca, 2003; Song and Chun, 2005;33

Beres et al., 2005; Orr et al., 2010; Lott and Guez, 2013; Bushell et al., 2015; Anstey et al., 2016; Christiansen et al.,34

2016; Serva et al., 2018). In these schemes, the parameters controlling GW forcing are tuned so that large-scale model35

features, such as the period and amplitude of the QBO are close to the observed ones.36

Although GWs parameterizations are now used in models successfully, their validation using direct in situ obser-37

vations remains a challenge. Large horizontal-scale GWs can be obtained from global satellite observations of tem-38

perature (Geller et al., 2013) and the corresponding momentum flux computed using polarization relations (Alexander39

et al., 2010; Ern et al., 2014). However, in situ observations are required to observe the shorter horizontal scales that40

also contribute to the QBO forcing and to obtain a direct measurement of the corresponding momentum flux. The41

most precise measurements are provided by constant-level long-duration balloons, like thosemade in the deep tropics42

during PreConcordiasi (Jewtoukoff et al., 2013), Strateole 2 (Haase et al., 2018) and some of the LOON commercial43

flights (Green et al., 2023). Among the important results, these balloon observations have shown that the momentum44

flux entering the stratosphere is extremely intermittent (Hertzog et al., 2012). This intermittency implies that themean45

momentum flux is mostly transported by few large-amplitude GWs that are expected to break at lower altitudes than46

when it is transported by more uniform and smaller amplitude GWs. Also, Lott et al. (2023) and Green et al. (2023)47

have shown, using Strateole-2 and Loon data respectively, that this intermittent character can be characterized by48

log-normal distributions of the momentum fluxes. Lott et al. (2023) also showed that the MF evaluated offline using49

LMDz parameterizations and ERA5 data colocated with the balloon locations provide MF estimates comparable in50

amplitude to those needed in this GCM to simulate a QBO.51

In the modeling community, it is well established that the tuning of the QBO is sensitive to GW scheme param-52

eters, with all existing schemes having parameters directly related to the launched waves amplitude, phase speed53

distribution, launching altitude, and breaking detection. These parameters control the modeled QBO amplitude and54

periods (Giorgetta et al., 2006; Geller et al., 2016; Garfinkel et al., 2022), but are poorly constrained by observations.55

For instance, in Garfinkel et al. (2022) varying the amplitude of the launch GWs by a factor near 5 does not significantly56

affect the QBO period, whereas in Mansfield and Sheshadri (2024) the acceptable range of values is significantly nar-57

rower. In Mansfield and Sheshadri (2024) the evaluation of the parameters and their uncertainties is conducted by58

comparing model responses to large-scale observed QBO statistics. As in Annan et al. (2005); Dunbar et al. (2021);59
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Cleary et al. (2021) they combine ensemble Kalman filters and Bayesian estimations, techniques that can also include60

ensembles of high-resolution simulations of the parameterized processes (Couvreux et al., 2021). Despite these indi-61

rect approaches, the direct use of gravity wave observations to tune parameterizations in an offline mode remains, to62

our knowledge, limited. These considerations lead us to question whether the typically "chosen" parameter values are63

consistent with direct measurements, and whether the parameter sensitivity observed in models reflects underlying64

uncertainties in both the parameterizations and the observations.65

For gravity waves, some benefits could arise since parameterizations in offline modes have skill in predicting as-66

pects of the subgrid scale processes and are quite realistic in reproducing their online behavior (Lott et al., 2023).67

Nevertheless, we can expect difficulties because the GW parameterizations used in offline modes driven by data are68

still subject to substantial and nearly unquantifiable uncertainties. For instance, the sampling of the gravity wave69

scheme by a balloon only concerns single trajectories and not an entire model grid cell, the collocation of the balloon70

and the meteorological fields is only approximate. We can also question the technique used to characterize the eval-71

uation of momentum fluxes from observations, despite the fact that the measurement errors are not perceived to be72

large. Finally, the parameterizations are oversimplified; for instance, they often assume constant launching altitudes, a73

uniform breaking criterion, simplifying relations with potential sources, if any, and neglect lateral propagation (Achatz74

et al., 2023; Voelker et al., 2024). Their strength is that they are based on a few physically understood mechanisms,75

like the Eliasen-Palm theorem or the WKB theory of monochromatic gravity wave vertical propagation.76

In the general problem of parameter estimation using direct observations and a forecast model, conventional77

techniques consist of using the Ensemble Kalman Filter (EnKF) and Ensemble Kalman Smoother (EnKS), which are re-78

viewed in Evensen (2009) and Carrassi et al. (2018). The classic way is to use an augmented state formulation, allowing79

the ensemble Kalman technique to identify correlations between the state of the system and the physical parameters80

(Ruiz et al., 2013; Ruiz and Pulido, 2015). However, this approach is computationally demanding because the model81

must be evaluated at each time step for each ensemble member. Moreover, tuning the model error covariance is82

nontrivial and requires additional estimation techniques Tandeo et al. (2020).83

In this article, as the parameterizations are estimated offline we cannot use augmented states of a GCMs to eval-84

uate them. We therefore follow Tandeo et al. (2015) by considering that the physical parameters are the only state85

variables that evolve. These parameters are assumed to follow a random walk, thereby incorporating non-negligible86

errors. This technique infers the parameter statistics using an iterative maximum likelihood approach based on the87

Expectation Maximization (EM) algorithm introduced by Dempster et al. (1977). In Tandeo et al. (2015) the method88

was found to behave well in a synthetic setup, using the Lott and Miller (1997) subgrid scale orography parameteri-89

zation scheme, assuming observations consisted of 30 days of parameterized drag with given values of the scheme90

parameters. In this synthetic setup, the method converges and recovers the parameters. The purpose of the present91

paper is to examine the methodology by applying it to a nonorographic gravity wave parameterization in a realistic92

setup, e.g. using real observations containing uncertainties and assuming that the parameters can vary over time for93

physical reasons. A key outcome of the method is the quantification of parameter uncertainties. To evaluate the94

output of the technique, we compare the results of the EnKF/EM estimation with a direct Bayesian estimation. The95

latter is based on probabilities built from kernel density estimates of the observations and model errors.96

The plan of the paper is as follows, section 2 recalls the basic aspects of the gravity wave parameterization used,97

and Section 3 provides a first "direct" appreciation of its sensitivity to parameter changes. As some parameters do not98

produce much variation in GWs momentum fluxes and others affect GWs dynamics far aloft the balloon altitude, we99

next select the parameters that directly control the launched momentum flux altitude and amplitude. In Section 4 we100

present the EnKF/EMmethod applied to our data. Section 5 discusses the results from the EnKF/EM and compares its101

outcomes to those of the direct Bayesian estimation. Section 6 summarizes the result, discuss the limits and potential102
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future applications.103

2 | PARAMETERIZATION AND DATA USED104

The parameterization scheme we use follows the convective GWD parameterization scheme presented in Lott et al.105

(2023) and that is operational in the IPSLCM6 climate model (Boucher et al., 2020). The only change we test here106

is the introduction of a background wave activity detailed below. In short, it is a multiwave stochastic scheme that107

represents the GW field by a stochastic sum of monochromatic waves in the zonal direction (x ) and time (t ) at each108

physical time step and at each horizontal gridpoint. The induced vertical velocity by these monochromatic waves is109

w ′ =
J∑

j=1

Cjwj (z )ez/2H e
i
(
k j x−ωj t

)
, (1)

where x points in the zonal direction, z is the log pressure coordinate, and H = 7 km is a characteristic scale height.110

The vertical variations of the complex vertical velocity amplitude wj (z ) vary according to the WKB approximation.111

The induced horizontal velocity is derived from the local polarization relation. The intermittency coefficients, Cj , are112

chosen to satisfy∑J
j=1 C

2
j
= 1. They could be chosen randomly, but we fixed them atCj = J −1/2. The sign of horizontal113

wavenumbers determines the direction of propagation with respect to the zonal wind at the launch level, with k j > 0114

and k j <0 for eastward and westward propagating waves, respectively. Their amplitudes are constrained to the range,115

kmin < |k j | < kmax, (2)
where kmin is the horizontal wavenumber belowwhich we consider that the GWs cannot be explicitly resolved by the116

model. It is a tunable parameter but we leave it fixed in the following at the value kmin = 2π/(300km) , assuming that117

300km is around the minimum horizontal scale a CMIP-type GCM with 1o horizontal resolution can fully resolve. We118

take kmax = 2π/(6km) which is a conservative upper bound for vertically propagating hydrostatic gravity waves. We119

choose to sample the intrinsic zonal phase speed (cj ) at the launching altitude (z l ) according to a normal distribution120

cj (z l ) ∼ N (0,Cmax ) , (3)
where the characteristic phase speedCmax is a tunable parameter andU is the gridscale zonal wind. Once the intrinsic121

zonal phase speed is selected, the (absolute) frequencies are then determinedωj = k j [cj (z l )+U (z l ) ], which are taken122

as positive by convention.123

In Lott and Guez (2013), it is described how gridscale precipitation P results in GWs, we use the corresponding124

expression for the launched momentum fluxes and add to it a constant background:125

Fj (z l ) = ℜ
{
ρuj (z l )w∗

j (z l )
}
=

k j

|k j |
©­«Guw0

(
k j RLcP

Hcp

)2
e
−m2

j
∆z2

ρrNΩ3
j

+Guwb
ª®¬ . (4)

where Ωj = ωj − k jU is the intrinsic frequency, ρ = ρr e
−z/H and R , Lc and Cp are the dry air constant, the latent126

heat of condensation and the heat capacity at constant pressure, m j = N
U−cj is the vertical wavenumber amplitude,127

and N is the buoyancy frequency. The tuning parameters ∆z , Guw0 and Guwb represent the heating source depth, the128

convective wave amplitude and the amplitude of background wave activity, respectively.129
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The breaking criterion can be expressed when passing from one model level z to the next level above z + δz by130

writing it as131

Fj (z + δz ) = k jΘ
(
cj (z + δz )cj (z )

)Min
{
Fj (z )
k j

e
−2 µm3

ρΩ δz
, ρS2

k 2min
N

c3
j

k 2
j

}
(5)

where the Heaviside function Θ represents wave absorption by critical levels. The first term in the parentheses ex-132

presses the decay of the EP-flux due to diffusion, µ. The last term is the saturated EP-flux and S is the saturation133

parameter. As the intrinsic phase speed cj depends on the changes in the background wind (see (3)), this term is also134

referred to as "dynamical filtering". It is strongly affected by the choice of Cmax as well.135

The fluxes in (5) are computed using hourly data of zonal wind, temperature and precipitation from ERA5 at the136

balloon horizontal location. They are separated in the eastward component and thewestward component by selecting137

the harmonics with k j > 0 and k j < 0 and by summing them separately. In the following, we will also average the138

results over time, the minimum length is one day. Then, the parameterized momentum flux vector is139

(
F f E , F fW

)
=
©­«
〈

J∑
j=1

C 2
j Θ(k j )Fj (zb )

〉
,

〈
J∑

j=1

C 2
j Θ(−k j )Fj (zb )

〉ª®¬ , (6)

where zb is the balloon flight altitude, the brackets indicate daily averages, and the Θ function applied to the zonal140

wavenumber sign selects the eastward and westward contributions to the momentum fluxes. In what follows, we will141

use a more concise notation and write the parameterized momentum flux vector,142 (
F f (tk ,θ)

)⊤
=
(
F f E , F fW

)
[Z (tk ),θ] . (7)

where theZ (tk ) are hourly inputs from ERA5 and the parameters θ are the ones to be estimated. Therefore,F f ⊤ (tk )143

represents the forecasted or estimated momentum flux by the parameterization at time tk given a set of parameters144

θ and inputs Z. The superscript f means forecast corresponding to the standard notation used in data assimilation.145

The observations we use are derived from the instantaneous values of momentum fluxes in the Eastward and146

Westward directions, provided every 30s and derived through wavelet analysis (Corcos et al., 2021). The method147

permits the separation of disturbances with periods between 15min and 1h and disturbances with periods between148

15min and 1day, but we follow Lott et al. (2023) and assume that only the fastest one needs to be used in order to tune149

a GW parameterization. The Eastward and Westward fluxes are separated at an early stage, each is then averaged150

over a day, in part because it takes about a day for a balloon to fly across a typical GCM gridbox. This defines the151

observation vector,152

F oT (tk ) =
(
F oE , F oW

)
[tk ] , (8)

for the K = 1294 number of days of Strateole 2 balloon measurements at altitudes near z = 20km. This number of153

days is the sum of days during which the 23 balloons flew, taking into account the 23 balloon flight during Strateole154

phase 1 and 2 that last more than 1 week (some balloons flew up to near two months).155

At this stage, the parameterization potentially has 9 tuning parameters, among which 4 are directly related to the156

amplitude and location of the gravity wave sources in the troposphere, Guw0,Guwb , z l and ∆z , while kmin, kmax,157

Cmax are associated with the characteristics of the parameterized waves. Two parameters µ and S control gravity158
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wave absorption by critical levels via wave dissipation and saturation. Aswe only have a limited sample of independent159

data, and because these data are collected at one level not all the parameters are identifiable because they are not160

independent. Preliminary systematic sensitivity evaluations show that the results at the balloon level are slightly161

sensitive to the choices in kmin and kmax when varied within reasonable bounds (multiplied or divided by a factor of162

2). Furthermore, they are also almost insensitive to the dissipation µ that is used to dissipate waves near the model163

top (around z = 80km). Therefore, in what follows, we disregard these 3 parameters from the analysis and choose to164

estimate six parameters from observations165

θT = (Guw0, S , p l ,∆z ,Cmax,Gb ), (9)
where p l = ps e

−z l /H is the pressure at the launching level and ps = 1bar.166

3 | DIRECT METHOD167

To analyze how the outcome of the GW scheme at the balloon level varies with the six selected parameters in (9), we168

evaluate the cost function under K background conditions,169

J(θ) = 1

K

K∑
k=1

{
F f (tk ,θ) − F o (tk )

}T {
F f (tk ,θ) − F o (tk )

} (10)

and vary these parameters randomly in the hypercube170

[0.03, 3] × [0.03, 3] × [0.1, 1bar] × [5m, 5km] × [1, 300m/s] × [0.1mPa, 10mPa]
with a uniform distribution for p l and uniform distributions for the logarithm of the other variables. We then generate171

86 realizations of the parameters, which are used in the scheme in combination with all the Strateole 2 data (K =172

1294days). From this ensemble of 86 simulations, we found that the minimum of the cost function occurs near173

θm = (Guw0 = 0.15, S = 0.3,DZ = 100m, p l = 0.45bar,Cmax = 40m/s.Gb = 1mPa) . (11)

Figure 1a) shows time series of eastward and westward MFs measured during all balloon flights and the corre-174

sponding offline estimates using the optimal parameters and the operational ones. Figure 1b) is a zoomed view of175

flight 2 from phase 1. The time axis in these panels (in days) is somewhat artificial, as multiple balloons were flying176

concurrently. To create a continuous timeline, the time since launch for each balloon is appended to the total duration177

of the previously launched balloon. Overall, the amplitudes of the parameterized momentum fluxes for the 1-hour to178

15-minute periods agree reasonably well with the measurements. A key difference, however, is evident in the opera-179

tional parameterization: without a background term, the fluxes are often too small during periods of low precipitation.180

This is compensated for by peak fluxes that frequently exceed the observed values. In contrast, the simulation with181

optimal parameters more accurately captures the low-amplitude fluxes and produces less pronounced peaks.182

The parameterization estimates fluxes of about the right amplitude, as shown in Fig. 1c), in which the average183

of the fluxes over the 23 entire flights are shown. It confirms systematically that the offline estimations are quite184

good on average with significant improvement when the optimal values are chosen. The parameterized fluxes are185

much more aligned with the measured ones. This improvement is even more pronounced when looking at the net186
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F IGURE 1 a) Daily sequence of MFs along the Strateole 2 campaign; b) Zoom over the 2d flight. c) Scatterplots
of parameterized versus measured MF averaged over the Strateole2 balloon flights. d) PDFs of the daily MFs with
eastward MF in solid and westward in dash. In black, the parameter values are near those yielding minima in cost
function (see Eq. 11 and the crosses in Fig. 2). In red are the series for the operational values of the parameters and
in green the observations.
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fluxes (the circles in Figs. 1). The curves in Figs. 1a)-1b) also suggest that observations and offline estimations evolve187

quite similarly day after day, with the operational values being much more intermittent than the optimal ones. On188

the other hand, the optimal values underestimate the peak values. Figs. 1d) present probability density functions189

(PDFs) of the distributions of the momentum fluxes considering all the daily data. The balloons almost systematically190

measure fluxes with amplitudes between 0.1 and 1mPa (green curves), whereas in the operational parameterization191

there are many more contributions from the smaller amplitude momentum fluxes (red), not to mention that the zero192

values are excluded from PDFs when plotted versus the logarithm of MF amplitudes. With the addition of a constant193

background and for the optimal values (11) the black curves show that the distribution of MFs is more similar to the194

observed one. The PDFs are, nevertheless, substantially narrower, whichmeans that the parameterized fluxes become195

much less intermittent. The PDFs are plotted using logarithmic scales, illustrating that the observed PDFs in green are196

reasonably log-normal. This property is essential in GWs parameterization because it translates the intermittency of197

the flux (Green et al., 2023) with broader distributions corresponding to more intermittent fluxes.198
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F IGURE 2 The sensitivity of the cost function when the six parameters Guw0, Gb , S , ∆z , z l , and Cmax are varied
randomly with 86 realisations. In each panel, the cross-section of the the cost function is shown when the two
values of the parameters shown in the x and y axis are varied and the rest is kept fixed. Red crosses indicate
parameter given in (11) that gives the minima of (Cost = 0.34mPa2) are given.

To appreciate the sensitivity of the cost function to individual parameter changes, each panel in Fig. 2 shows199

the minima of the cost when the 4 parameters not shown on the axes vary. In panel (a), the cost function does not200
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F IGURE 3 Cost function as a function of 2 parameters when the other 4 parameter are fixed at the values that
yield the minimum shown in Fig. 2.

vary much around the minima at (Guw0 = 0.15,Gb = 1mPa) when Guw0 varies, but it varies significantly with the201

background Gb . Similarly, in the panels Figs. 2e)-2i)-2l)-2n)-2o), the changes in Guw0, S , p l and ∆z do not affect the202

minima in the cost function. This is confirmed in the middle panels where these four parameters are varied separately,203

in all cases the minima in the cost do not vary much.204

The fact that many different combinations of the six parameters (Guw0, S ,∆z , p l ,Cmax,Gb ) can yield relatively205

small values of the cost function does not mean that the cost function does not vary when one of these parameters206

varies alone. It only means that when two parameters among these four are fixed, substantial minimization can be207

achieved by varying the 4 remaining ones. This suggests the presence of valleys in the cost function for some param-208

eter combinations, in which the cost function varies slightly. In other words, the parameters are not all independent.209

This is illustrated in Fig. 3, which shows the minima in cost functions when two parameters vary and the other 4 pa-210

rameter values are the optimal ones. The variations of the parameters around the minima are much more constrained,211

except for the heating source depth ∆z , provided that ∆z < 1km. This preliminary analysis indicates that, with this212

dataset, we cannot efficiently tune the 6 parameters of our scheme. To make a choice among the parameters, we213

next fix those that have a strong impact on the wave drag well above balloon flights, essentially where the waves214

are saturated and dynamical filtering dominates (two processes controlled by Cmax and S ). We therefore fix their215

values to their optimal ones (11), which are also quite near their operational value (Cmax = 30m/s → 40m/s) and216
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S = 0.6 → 0.3). We also choose the optimal value of ∆z (∆z = 1km → 100m) but this is of little significance. In this217

paper, we will therefore focus on tuning the source amplitude and altitude only, Guwb, Guw0, and p l .218

4 | ESTIMATION TECHNIQUE219

4.1 | EnKF/EnKS technique220

To find optimal parameter values that, when applied to the GW scheme, permit the reproduction of the observed221

time series of momentum fluxes, we next use successive applications of an Ensemble Kalman filter combined with an222

expectation-maximization algorithm. This parameter estimation technique was presented in Tandeo et al. (2015).223

The Ensemble Kalman filter technique is applied to each of the 23 Strateole flights independently, taking the224

logarithm of the daily averaged flux,225

yf T (tk ) =
[log10 (F f E

)
, log10 (F fW

)]
= F [θ, Z (tk ) ] , (12)

with similar expressions for the logarithm of the observation. We chose to work with logarithmic transformations be-226

cause the logarithms of the fluxes are almost normally distributed (see Fig. 1c), as EnKF assumes normal distributions.227

The GW scheme is used to calculate momentum fluxes and to conduct a daily forecast of the i t h member of an228

ensemble of N forecasts:229

yf
i (tk ) = H{xf

i (tk ) } = F
[
G{xf

i (tk ) },Z (tk )
]
. (13)

Thus, the gravity wave scheme acts as the observational operator through F, projecting the forecasted state, xf
i
(tk ) ,230

to the observational space, i.e. momentum fluxes. The function G translates the Gaussian distribution of parameters231

xf , with typical values of order 1 into the parameters θ. This relation between the x and θ is defined for each232

parameter as233

θhi (tk ) = θhL + 1. + erf (xhi (tk ) )
2

θhU (14)

where θhL and θhU provide the lower and upper bound of the hth parameter respectively. The estimate of x is then234

transformed to θ using (14).235

Typically, the parameters at the initial time xf
i
(tk ) are initialized from a Gaussian distribution with mean xb and236

covariance matrixB. Thereafter, the parameters xf
i
are evolved each day according to a Gaussian random walk,237

xf
i (tk ) = xa

i (tk −1 ) + η (tk ) (15)
where xa (tk −1 ) is the analysis at the previous time and η (tk ) is a Gaussian noise with zero mean and covariance238

matrix Q, η = N (0,Q) . The EnKF also requests the specification of the observation error covariance matrix R. We239

accumulate all the errors in observations and model them into ϵi (tk ) as240

yo (tk ) = yf
i (tk ) + ϵi (tk ), (16)

where ϵi (tk ) = N (0,R) .241
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At each time and from the ensemble we define sample mean unbiased estimates of the data and parameters242

yf (tk ) =
1

N

N∑
i=1

yf
i (tk ), xf (tk ) =

1

N

N∑
i=1

xf
i (tk ) (17)

and the empirical covariance matrices,243

P f
rs (tk ) =

1

N − 1

N∑
i=1

{
rfi (tk ) − rf (tk )

} {
sfi (tk ) − sf (tk )

}T
, (18)

where r and s stands for x or y and with similar expressions for the analysed and smoothed fields, in which case the244

f -superscript is replaced by a and s respectively. The analysis is then estimated recursively,245

xa
i (tk ) = xf

i (tk ) +K (tk )
(
yo (tk ) − yf

i (tk ) + ϵi (tk )
)

︸                                ︷︷                                ︸
di (tk )

(19)

where di (tk ) is the innovation vector andK (tk ) is the Kalman gain,246

K (tk ) = P f
xy (tk )

{
P f

yy (tk ) +R
}−1
. (20)

Once the sequence in time is finished, we proceed backward to determine the smoothed estimates of state by applying247

a Kalman smoother,248

xs
i (tk ) = xa

i (tk ) +Ks (tk )
(
xs
i (tk+1 ) − xf

i (tk+1 )
)
, (21)

with xs
i
(tK ) = xa (tK ) , and where the Kalman smoother gain is,249

Ks (tk ) = P a
xx (tk )

{
P f

xx (tk+1 )
}−1 (22)

The application of this EnKF-EnKS technique requires the specification of the parameters at the initial time and250

its uncertainty, xb, B, the model error Q which for the case of the GW scheme and the observation uncertainty of251

momentum fluxes, R, are largely uncertain so that we propose to estimate them via the Expectation-Maximisation252

algorithm.253

4.2 | Expectation-Maximisation algorithm254

We apply an EM algorithm to estimate the statistical parameters xb, B, Q and R. The Expectation-Maximisation255

algorithm aims to iteratively maximize the likelihood function as a function of the statistical parameters. These sta-256

tistical parameters are corrected during successive applications of the EM algorithm. At the first EM iteration, the257

statistical parameters are taken to be258

xb = 0, B = 0.25Ip , Q = 0.025Ip R = 0.2Io ; (23)
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where I is the identity matrix, which ranks o and p , the dimensions of the observation and parameter vector.259

Given an initial set of statistical parameters xb , B, Q, and R(tk ) , the Kalman smoother is used to an optimal260

state, xs (tk ) . In a given iteration, the realizations are given by the Kalman smoother xs
i
(tk ) , and these are projected261

to the observational space by262

ys
i (tk ) = H{xs

i (tk ) } . (24)
The maximum likelihood estimates of the statistical parameters xb ,B,Q, andR(tk ) are then evaluated using xs

i
(tk )263

and ys
i
(tk ) ,264

x̂b = xs (t1 ), B̂ = P s
xx (t1 ) (25)

265

Q̂ =
1

K − 1

1

N

K∑
k=2

N∑
i=1

{
xs
i (tk ) − xs

i (tk −1 )
} {

xs
i (tk ) − xs

i (tk −1 )
}T (26)

266

R̂ =
1

K

1

N

K∑
k=1

N∑
i=1

{
ys
i (tk ) − yo (tk )

} {
ys
i (tk ) − yo (tk )

}T (27)

A derivation of these expressions may be found in Tandeo et al. (2015) and Pulido et al. (2018). Once a new set267

of statistical parameters is estimated, we then return to (23) for a new iteration until a minimum in the innovation268

negative log-likelihood estimate,269

L =
1

K − 1

1

N

K∑
k=1

N∑
i=1

{
di (tk )T

(
P f

y y (tk ) +R
)
di (tk ) +

1

2
log (det[P f

y y (tk ) +R]
)} (28)

is reached.270

5 | RESULTS271

5.1 | Estimation of launching pressure p l and background wave amplitude Guwb272

In order to evaluate the EnKF/EM technique using real data, we estimate the launching pressure and background273

amplitude using the balloon data. The launching pressure is limited to altitudes below balloon flight and large bounds274

are taken for the background amplitude, namely275

θ4 = p l , with (θ4L , θ4U ) = (0.1, 1) bar, and θ6 = Guwb with (θ6L , θ6U ) = (0, 10)mPa, (29)
the other parameter values are given in (11). The reason for selecting two parameters is that the daily data of observed276

and forecast MF are not decorrelated from one day to the next. The typical decorrelation time is around 5 day (not277

shown) reducing the number of degree of freedom of the observations to only a few hundred. In this case, tuningmore278

than two parameters is questionable, we therefore proceed by pairs and estimate the coevolution between Guwb and279

Guw0 for fixed p l thereafter. Note for completeness that we conducted preliminary experiments using the EnKF/EM280
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F IGURE 4 EnKF estimates of the two parameters (Guwb and x l ). a) G f
uwb

(tk ) (thick solid) and(
G f
uwb

± 2σ (G f
uwb

)
)
(tk ) (thin solid), where the variance σ is evaluated from the ensemble forecast. b) Same as a) but

for p l . c) Same as a) but for East and West MFs resulting from EnKF estimates (black), and observed values are in
green. (d) East and West MF zoom view for a range of days.

algorithm for the Guwb , Guw0, and p l altogether, and the results are not much different.281

Figure 4 shows the variations over balloon flight and over time of the two parameters Guwb and p l after 4 EM282

iterations and using an ensemble size of N = 100. The choice of stopping the analysis at 4 EM iterations for each283

balloon ismotivated by the fact that formost balloons the innovation log-likelihood (28) has almost reached aminimum284

at that iteration. It emphasizes that in our case the algorithm converges quite fast. The top and middle panels of Fig.285

4 show the temporal variations of the ensemble average of G f
b
and X f

l
, each bounded by a 2-standard deviation.286

Both parameters oscillate around mean values that are almost equal to the optimal values identified at the extrema of287

the cost function. Hence, the EnKF/EM permits estimating the optimal values of these two parameters. Substantial288

variations around the entire dataset mean are found for both the averaged forecasts and the standard deviation, with289

a launching altitude easily covering the entire troposphere whereas the background amplitude is constrained between290

0.3mPa and 3mPa typically. Fig. 4 (c) shows the temporal evolution of the forecast y f (tk ) , bounded by two standard291

deviations. It successfully captures the variations in the measured data, as almost all measured momentum fluxes fall292

within the ±2σ curves. The zoom view in panel (d) reveals that the forecast also has peak values whose amplitudes293

compare well to the measured peak values, albeit with some minor timing discrepancies.294

To confirmmore quantitatively that the ensemble captures well the spread in observations, we compute probabil-295
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F IGURE 5 PDFs of momentum fluxes and parameters. (a) PDFs of the East and West MFs from the ensemble
forecast (black) and observed (green) and (d) the marginal distributions. b), c), e), and f) PDFs of launching altitude
and launched background flux(x l and Gb ) : b) and e) from the EnKF forecasts at the last EM iteration; c) and f) from
Bayesian inference using model error PDFs build with Gaussian Kernels.

ity distributions using radial basis functions or Gaussian kernels (Wand and Jones, 1994), and estimate the probability296

density distribution of the daily fluxes as297

P o (ỹ) = 1

2πKδy 2

K∑
k=1

exp
(
−(y−yo (tk ) ) (y−yo (tk ) )T /2δy2

)
(30)

298

P EnKf ( ỹ ) = 5

2πKN δy 2

N∑
i=1

K∑
k=3,5

exp
(
−(ỹ−ỹf

i
(tk ) ) (ỹ−ỹfi (tk ) )T /2δy2

)
(31)

the bandwidth δy = 0.1mPa typically. Note that formula (30) can be applied to individual forecasts changing yo by299

yf in (30) and that (31) can be applied with similar resolution to the log10 of p l (in bar) and Gb (in mPa) yielding a300

probability distribution of parameters P EnKf (θ) .301

Figure 5a) shows the PDF of the MFs from the observations in green compared to the PDF from the ensemble in302

black. The ensemble resulting from EnKF/EM reproduces rather well the observation statistics of the parameters. This303

is essential if one wishes to provide quantitative estimates of the parameter variability. Particularly, the observation304

PDF is anisotropic and shows substantial correlation between the Eastward and Westward MFs, both features are305

rather well reproduced by the ensemble. To identify the cause, we have conducted experiments with the EnKF/EM306

varying only one of the parameters, Guwb or p l and found that the variations in the former rather than the variations307

in the launching altitude are the ones that produce the correlation.308

The PDFof the parameter from the EnKF are shown in Figs. 5b) and 5e). As expected from the curves in Figs. 4 one309

sees that the launching altitude is centered in the mid troposphere but can be almost everywhere in the troposphere310

(e.g. p l > 0.1) and that the background amplitude can have any values between 0.3mPa< Gb < 3mPa. This is quite311

high variability, that may call for further refinement in the parameterization, or on the calculation of the MFs from312

the data, or on the collocation of the ERA5 fields, but we leave this to future work. For the purposes of this work,313
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however, we are primarily concerned with assessing the utility of these PDFs for uncertainty quantification of the314

parameters.315

5.2 | Direct Bayes inversion using kernel density estimates of the model error PDF316

To evaluate the inferred PDFs, we can find the posterior distribution using a direct analysis by varying uniformly p l317

to cover the troposphere (1 > p l > 0.1) and logarithmically Gb between 0.01mPa and 10mPa and evaluating the GW318

scheme for these parameters; in this way, 50 × 50 = 2500 simulations are conducted for the entire Strateole 2 data.319

In other words, we assume a uniform prior distribution in the parameters. Next, we build PDFs of the model error ϵ320

using Gaussian Kernels and for the best model outputs the parameter value θM :321

Pϵ (ϵ ) =
1

2πKδy 2

K∑
k=1

e

(
−(ϵ−(yo (tk )−yf (tk ,θM ) ) ) (ϵ−(yo (tk )−yf (tk ,θM ) ) )T /(δy )2

)
. (32)

From the density probability of the model errors we then build the likelihood of y when θ is fixed as,322

P (y |θ ) = Pϵ

(
y − y f (θ )

)
. (33)

The posterior distribution for θ given the observations {y o (tk ) }Kk=1 can be written as,323

P (θ |y o ) ∝
K∏
k=1

Pϵ

(
y o (tk ) − y f (tk , θ )

)
p (θ ), (34)

where p (θ ) is the prior distribution, which is assumed uniform. This expression assumes that the errors are uncorre-324

lated from one day to the other. Note that this last assumption is not well verified, so we checked the results from325

(34) taking one daily data every 3 days, or more to enforce independence, which does not change the results much.326

This direct estimation of the posterior distribution in Figs. 4c) and 4f) has some similarities with the EnKF param-327

eter PDF in Figs. 4b) and 4e) being broader in both the launching altitude p l and background flux amplitude Gb . To328

interpret the difference, we have evaluated variants of the EnKF and the "direct" PDFs estimate by analysing slower329

variations. Such tests are motivated by the fact that daily data of fluxes (observed and forecast) and parameters from330

the EnKF have substantial lag correlations and become decorrelated at lags of about 5 days. We therefore recompute331

PDFs using data averaged over 5 days after applying cosine tapers to enforce decorrelation. Applying such low-pass332

filters, we found that the statistics of the EnKF parameters are not much different, whereas the Bayesian estimate of333

the posterior distribution narrows for the amplitude Gb getting closer to the EnKF estimate but it remains unchanged334

for the launching altitude p l (not shown). Concerning Gb , it means that EnKF estimates are more robust than direct335

estimates since EnKF takes into account the lag correlations in the data. For the launching pressure p l on the other336

hand, the direct Bayesian estimate always shows a broad distribution over the entire troposphere, with a relative min-337

imum in the middle, whereas the EnKF proposes a normal distribution around this minimum. This naturally follows338

that EnKF theory explicitly assumes Gaussian statistics: the launching GWs altitude being more uniformly distributed339

over the troposphere, so that its statistics is not well captured by the EnKF.340
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F IGURE 6 PDFs of Momentum fluxes and parameters. a) East and West MFs from the ensemble forecast (black)
and observed (green) and (d) the marginal distributions. b), c), e), and f) PDFs of convective wave parameter and
background flux(Guw0 and Gb ) : b) and e) from the ENKF forecasts at the last EM iteration; c) and f) from Bayesian
inference using model error PDFs build with Gaussian Kernels.

5.3 | Results for Guw0 and Gb341

We conducted a similar experiment for the amplitude parameters Guw0 and Gb . The resulting PDFs are shown in342

Fig. 6. Again the east and west fluxes from the EnKF PDFs match quite well the observed PDFs (Figs. 6a) and 6d).343

The PDFs of the parameters Guw0 and Gb in Figs. 6b) and 6e) indicate that Guw0 can take almost any value below344

Guw0 < 0.3 typically, provided that 0.3mPa < Gb < 3mPa. This clearly highlights a difficulty in tuning the parameter345

that controls the convective source. One potential issue is that the EnKFmay struggle to handle precipitation data, for346

instance, by continuing to adjust the forecast for the corresponding parameter even when no precipitation is present.347

We tested this potential issue conducting the EnKF sequentially but only assimilating data when there is precipitation.348

The result show little difference. The problem seems to be related to the sources, which are a function of the square349

of the precipitation (P 2, see Eq. 4). This is confirmed in Figs.6c) and 6d) which show that the direct Bayesian estimate350

predicts about the same statistical behavior for Guw0. Both analyses demonstrate that Guw0 can take any values less351

than 1 provided that Gb stays within its bounds.352

6 | SUMMARY AND DISCUSSION353

6.0.1 | Summary354

In this article, we use an offline filtering technique to estimate the physical parameters of a subgrid scale non-orographic355

gravity wave parameterization. The technique was originally presented and tested with synthetic observations in356

Tandeo et al. (2015). Its main advantages are that it is designed to solve a nonlinear space-state system using the En-357

semble Kalman Filter, which is readily adapted to a gravity wave parameterization, and that it estimates the unknown358

error covariance matrices. More precisely, this technique assumes the hypothesis that the state, the observation,359

and the parameter equations have additive Gaussian noises, whose statistics are estimated via an iterative maximum360

likelihood method using successive applications of the EnKF.361

Here, for the first time, the method is applied to real observations of the gravity wave momentum fluxes. These362

fluxes were deduced from constant-altitude balloon flights conducted during the Strateole 2 campaign. Unlike the363
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synthetic observation experiments in Tandeo et al. (2015), the optimal parameter values are not known a priori in364

experiments with real data. Therefore, we validate the results from the filtering technique against a direct optimization365

conducted using a brute-force technique that systematically varies the physical parameters of the GW scheme.366

After identifying that for this dataset and parameterization, the parameter variations are not independent, we367

conclude that the optimization can only be conducted for 2 to 3 parameters keeping the others fixed, for instance368

taking their operational values. This choice regarding the number of estimable parameters is further supported by a369

lag correlation analysis of the data. In fact, the daily mean of winds from ERA5 as well as daily mean of the measured370

momentum fluxes present substantial lag correlations for up to 3-5 days. This reduces the number of degrees of371

freedom of our dataset substantially from 1294 days of measurements to around 200. For these reasons, we chose to372

fix the parameters that play a central role in the dynamical filtering of the gravity waves above the balloon altitude at373

their reference value, (CMax and S ). We also fixed the source depth ∆z , as we found the parameterization is largely374

insensitivity to its value provided that ∆Z < 1km. We therefore focused our analysis on the remaining parameters375

related to the tropospheric sources, the launching altitude, z l , the convective gravity wave amplitude Guw0 and the376

background gravity wave activity Gb . A key result of this paper is that, for these selected parameters, the technique377

permits to find their optimal values and to provide estimates of their associated uncertainties. To reach this conclusion,378

the EnKf/EM method is compared to a direct method. In the direct method, PDFs of the error are built from a large379

ensemble of parameter realisations. In this case, the optimal values are found by minimizing the cost function via a380

direct technique, and the uncertainties are inferred by calculating the posterior distribution using Bayesian methods381

with Gaussian Kernels.382

Several findings concerning the parameterization itself are worth noting. A first result is that the preferential383

location of the gravity wave source is in the mid troposphere. The uncertainty is nevertheless large, both EnKf and384

direct Bayesian inference show that gravity waves can be launched from almost any other place in the troposphere385

below the balloon flight level. The EnKF/EM method produces a normal distribution of the launching altitude around386

the optimal value, whereas the direct Bayesian inference gives a distribution closer to the uniform one. Regarding the387

background amplitude, the analysis identifies an optimumamplitude ofGb = 1.25mPa, but shows that almost any value388

within the range 0.3 < Gb < 3mPa is similarly plausible. The experiment, in which the convective wave amplitude and389

the background parametersGuw0 andGb are estimated, conveys a similar message to the last one. For the convective390

wave amplitude it shows that it can have almost any value provided thatGuw0 < 1 the background amplitude is within391

the right bounds. The operational situation of a null background amplitude is rejected, making the introduction of a392

background source mandatory. That said, we note nevertheless that the LMDz operational value Guw0 = 0.25 falls393

within the plausible bounds compared to the observational bounds. This suggests that a background of wave activity394

can potentially be introduced operationally without being overly detrimental to the model’s performance.395

6.1 | Discussion396

We conducted a large number of sensitivity experiments, changing the ensemble size N , not taking the logarithm of397

the fluxes, considering net and amplitude fluxes rather than eastward andwestward. The results show little qualitative398

difference from the above conclusions. We have also tested the other parameters and found broad ranges of plausible399

values. For instance, Cmax can easily be larger than 50m/s, yielding to faster gravity waves than expected. This call400

to collect data at higher altitudes to include more substantial dynamical filtering in the analysis.401

Concerning the level of uncertainties we found, it seems to be quite large compared to when parameters are402

changed in online experiments in Garfinkel et al. (2022) and Mansfield and Sheshadri (2022). For instance, Mansfield403

and Sheshadri (2022) used another gravity wave parameterization and applied the EnKF comparing online GCMs run404
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to observed QBO statistics, and found uncertainties on the source term much narrower than ours on the background405

amplitude for instance. This difference is noteworthy. Preliminary tests show that the offline uncertainties we find406

could be substantially narrowed if we used longer time averaged momentum fluxes. This would be more consistent407

in terms of the QBO dynamics which forcing integrates the MFs over long time scales. A first problem is that in this408

case the number of in-situ data we have in hand becomes much more limited. A second one is that when averaging409

data over long time intervals, we lose the chance to relate the variations in gravity wave amplitude to their sources at410

a given time and place. A possibility to be explored in the future is to improve the relation with the sources. This being411

said, we have started to low pass the outcomes from the EnKF, using bow-car windows up to 10 day. This decrease412

the noise and the uncertainty, but not to the level found in Mansfield and Sheshadri (2022). This may show that413

models are over-sensitive to parameter changes, but it may also show that the level of noise and error introduced by414

the extraction of momentum fluxes using balloon data, the collocation of the synoptic winds, and in the ERA5 fields415

themselves stay too large to narrow the uncertainties about our optimal parameter estimate.416

In future work, we plan to test if our results can help improve the parameterization in operation. For example, we417

will examine whether the introduction of a background wave source is beneficial to the IPSLCM6 model. Preliminary418

tests show that it cannot fully replace the convective source, i.e that we should keepGuw0 , 0 at least when a constant419

value for the background Gb is considered: the high degree of intermittency resulting from the convective sources420

seems to help the model to simulate a QBO. Also, and on top of uncertainties due to observations and model errors,421

a fundamental reason why it is not possible to tune fixed parameter values is that none of them is supposed to be422

a fixed universal constant. Gravity wave sources, propagation, and breaking depend on local flow conditions and423

forcing structures that cannot be predicted at each time and place. There are fundamental reasons for that, one is424

that the forced mesoscale flow radiating gravity waves is fully turbulent and not predictable. Another one is that425

the gravity wave field has time and space scales quite near the resolved scales, it is far from a statistical equilibrium426

that would allow to derive fixed scaling coefficients. These fundamental reasons have justified the development of427

stochastic parameterizations (Berner et al., 2017) in the past. In this framework, our analysis could be used tomake the428

background stochastic, using statistics of our forecasts ofGb for instance. To try refining our parameterization further429

we have also started to analyse potential relations between the changes in the background amplitude Gb with the430

flow profiles and precipitations to see if it varies according to identifiable causes.We also leave this for further analysis,431

but preliminary results indicate that larger amplitude fluxes should be imposed in the presence of larger amplitude432

shears in the mid troposphere and that the P 2 dependence in the convective fluxes in (4) could be reconsidered.433
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