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Parameterizations of subgrid scalemountains are commonly
used in numerical weather prediction and climate models.
They try to represent quite separate processes namely the
enhancement of the turbulent drag by orography, gravity
wave drag, and the effects of low level flowblocking. Among
the gravity wave schemes, some of them distinguish be-
tween upward propagating waves and trapped lee waves.
This paper makes use of a recent theoretical methodology
to propose a formalism that include all these effects. This
theory handles enhanced turbulent drag in the neutral case,
gravity waves in the stratified case, and trapped lee waves
in the transition. Mountain drag associated to all these pro-
cesses is estimated analytically, aswell as the fraction of the
drag that stays within the boundary layer instead of being
radiated in the far field. We also try to evaluate the blocked
layer depth by combining the sheltering effects that dom-
inate when stratification is small and the blocking effects
when stratification is strong.
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1 | INTRODUCTION1

The impact of small to medium scale mountains on the atmospheric dynamics has been intensively studied over the2

last 50 years by two quite distinct communities. The first community studied how mountains modify the turbulent3

boundary layer (e.g. Jackson and Hunt, 1975; Beljaars et al., 1987), an issue that is central in the context of wind4

resource modeling (Ayotte, 2008) or dune formation (Charru et al., 2012). The background theory used neutral and5

idealized boundary layer closures and analyse how it is modified by small slope orography (Hunt et al., 1988a; Belcher6

and Hunt, 1998). In this limit, one can consider linear dynamics providing that the problem is formulated using terrain7

following coordinates. This linear problem is nevertheless still extremely involved and uniform solutions are often8

obtained via numerical integrations (e.g. Beljaars et al., 1987). These are the basic theories which are adapted to9

parameterize subgrid scale orography in weather prediction and climate models, initially by increasing the terrain10

roughness length (Wood and Mason, 1993). Thereafter, Wood et al. (2001) used fully nonlinear simulations to extend11

the theory and improve the estimate of the depth over which the mountain drag is deposited. This depth estimate is12

used to formulate a Turbulent Orographic Form Drag (TOFD) parameterization (Beljaars et al., 2004), where the depth13

over which the drag is deposited becomes related to the horizontal scale of the disturbances. Beljaars et al. (2004)14

also assumed that the TOFD parameterization should only be used for mountains with horizontal scales L < 5000 m.15

At these scales, and for incident windU one can expect that the advective time scale, L/U is smaller than the inverse16

of the Brunt-Vaisala frequency N −1. This ensures that the flow behaves according to neutral flow dynamics.17

The second community is more focused onmountain dynamical meteorology. They explain the onset of mountain18

waves, downslope winds, foehn and trapped waves using theories and models where internal gravity waves control19

the dynamics, and where the boundary layer is often neglected. The body of theoretical literature on the subject is20

extremely vast in itself (Durran, 1990). The linear hydrostatic theory yields the development of the earlier orographic21

gravity wave drag parameterizations (Palmer et al., 1986; McFarlane, 1987), that were used to reduce systematic22

westerly biases in the upper troposphere. Since then linear theories have also been used to justify the introduction of23

low level drags due to trapped waves e.g. by Tsiringakis et al. (2017), in this paper to compensate for missing TOFD24

in the stable case. Prior to that, low level drag was also introduced, because most mountains force large amplitude25

gravity waves that break at low level (Schär and Durran, 1997) and induce upstream blocking, the flow contouring the26

obstacle as illustrated by Schär and Smith (1993) in the shallow water case. Although low level wave breaking can27

be encapsulated in a conventional breaking criteria like in Lindzen (1981), the representation of flow blocking calls28

for specific diagnostics and drag formulations (Lott and Miller, 1997). All these effects are now taken into account29

in most weather prediction and climate models (Scinocca and McFarlane, 2000; Kim and Doyle, 2005; Vosper, 2015;30

Hájková and Šácha, 2024) and their parameterization continue to be improved (van Niekerk and Vosper, 2021). They31

are often called Subgrid ScaleOrography (SSO) parameterizations, which is somehowmisleading because TOFD is also32

a subgrid scale parameterization. According to Beljaars et al. (2004), SSO parameterization should concern mountains33

with horizontal scale L > 5000 m, but remains fully active even in the most recent models which have horizontal34

resolutions that approach this scale (Sandu et al., 2015; Pithan et al., 2016; Giorgetta et al., 2018). In fact, it is not35

so clear whether there is a critical mountain size (L < 5000 m) below which the mountain would only impact the36

boundary layer and above which the mountain would only impact the waves. We actually believe that this criterion is37

quite adhoc and should depend on the nature of the flow. We also know that the effective resolution of amodel largely38

exceeds the gridscale (Vosper et al., 2016), which means that SSO parameterizations will probably remain necessary39

in the foreseen future and at scales for which TOFD and SSO parameterizations can not be separated.40

Because we know that boundary layer dynamics are highly controlled by the inviscid solutions aloft, and because41

in mountain meteorology the wave forcing is embedded in the boundary layer, it soon appeared that the two com-42
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munities should make some effort to integrate results from the other community. It is in this context that Hunt et al.43

(1988a), Belcher andWood (1996), andWeng et al. (1997) included stratification and gravity waves in boundary layer44

theories over mountains. Belcher and Wood (1996) showed that when the Froude number F = U/NL is smaller than45

1, the mountain drag was due to mountain gravity waves (rather than boundary layer effects) and was well predicted46

by linear mountain gravity wave theory. This result actually depends on the height at which one chooses the reference47

velocityU and reference Brunt Vaisala frequencyN . A comparable analysis has beenmade recently in Lott et al. (2023),48

using a formalism where the gravity wave dynamics is much more complete than in Belcher and Wood (1996), in the49

sense that it explicitly includes trapped waves and evaluates uniform approximations that can be used to evaluate the50

vertical profiles of the wave Reynolds stress. As TOFD and SSO parameterizations root in linear theories, and as the51

neutral results in Lott et al. (2023) reproduce the non-separated sheltering parameterized in TOFD, and the stratified52

results the trapped and propagating waves parameterized in SSO, it could provide insight on how to combine these53

two parameterizations.54

The main results in Lott et al. (2023) are that the dynamics is controlled by two vertical scales. For an harmonic55

with horizontal wavenumber k the first is the inner layer scale hi (k ) defined by56

kU (hi (k ) ) ≈
ν′

h2
i

, (1)

where U (z ) is the background wind profile and ν′ the turbulent diffusion coefficient acting on disturbances. The57

second is the altitude of the turning level height, ht (k ) where the Scorer parameter equals wave number squared:58

S (ht ) =
N 2

U 2
− Uzz

U
= k 2 . (2)

ht (k ) is the height where upward propagating waves cannot propagate any more and are reflected. The first controls59

the amplitude of the forcing, the second the nature of the dynamics. More specifically, in the linear case when the60

mountain height is below and around the inner layer scale, the intensity of the flow that produces inflow disturbances61

when interacting with the hill is the flow at the inner layer height. For the nature of the dynamics, the flow response is62

neutral when the turning level is close to the surface compared to the mountain length L, stratified when it is far, and63

the intermediate situations being associated with trapped lee waves. Although we argue that linear theory could help64

to combine parametrization of turbulent orographic form drag and subgrid scale orography, the fact that the second65

includes upstream separation and blocking effects that are not explicitly included in the first, remains a difficulty.66

To incorporate such effects in the more neutral cases, we need a criterion that can potentially include dowstream67

separation and sheltering effects. For this purpose, we propose to include non hydrostatic in the blocking criterion,68

and consider that the linear theory should only take into account the flow above the blocking altitude.69

This paper is structured in the following way. Section 2 provides a summary of the theory (Lott et al., 2023), the70

choices made regarding the background flow properties (unperturbed wind and temperature profiles), and a definition71

of the relevant dimensionless parameters (Froude number and Richardson number). Section 3 describes results of72

the linear model classified according to Froude and Richardson numbers, which clearly separates propagating wave,73

trapped wave and neutral drag regimes. It automatically leads to a physically based scheme for low level drag and74

how it is distributed in the vertical. Section 3 also discusses briefly how criteria for flow blocking can be extended to75

included sheltering. Section 4 summarizes and discusses how our results could be used to upgrade state-of-the art76

TOFD and SSO parameterizations. It also discusses potential remaining issues that remain to be sorted out.77
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2 | THEORY, BACKGROUND FLOW PROPERTIES, AND DIMENSIONLESS PA-78

RAMETERS79

Our analysis is based on the linear response to a mountain forcing in the 2D linear Boussinesq equation, using terrain80

following coordinates X,Z (Lott et al., 2023)81

x = X , z = Z + h (X )f (Z ), (3)

where h (X ) is the mountain height, and x/z are the horizontal and vertical Cartesian coordinates respectively. Func-82

tion f (Z ) ensures the transition from terrain following coordinates near the surface to Cartesian coordinates by83

taking f (0) = 1 and decaying towards 0 for Z → ∞. The model variables are u (horizontal wind), w (vertical velocity),84

w = u ∂Z
∂x +w ∂Z

∂z (velocity perpendicular to Z =cte surfaces), p (pressure), and b (buoyancy, defined as gθ/θr with g for85

gravity, θ for potential temperature and θr a constant reference value ). Model variables are expanded in a background86

in capitals and perturbations primed i.e. u = U + u ′, p = P + p ′ and b = B + b ′. w and w are perturbations only, i.e,87

w = w ′ and w = w’.88

Following Clark (1977) and assuming small perturbations, a set of linear stationary Boussinesq equations can be89

derived. They contain a turbulent viscosity and given the linearity they can be most conveniently solved in wave num-90

ber space (see Lott et al., 2023, for details and the Appendix for the equations). For simplicity, mixing length closure91

is used without considering stability effects in a standard boundary layer approximation which neglects horizontal92

turbulent fluxes. The vertical fluxes of momentum and buoyancy are93

τ = ν
∂u

∂Z
; , and q = ν

∂b

∂Z
with ν = l 2





 ∂u

∂Z





 , (4)

where l is the mixing length and κ = 0.4 the Von Karman constant. To simplify the theory in the outer layer Lott et al.94

(2023) take95

l = l∞ tanh
(
κ
Z + z0
l∞

)
, (5)

rather than the Blackadar (1962) expression valid for neutral flows. It keeps l ≈ κZ near the surface and l ≈ l∞ in the96

far field but avoids a significant log-dependence of the background winds in the far field. With this expression, the97

horizontal wind and buoyancy profiles that give uniform fluxes are98

UV (Z ) = u∗
κ
log

(
sinh κ (Z + z0 )/l∞

sinh κz0/l∞

)
, BV (Z ) = b∗

κ
log

(
sinh κ (Z + z0 )/l∞

sinh κz0/l∞

)
, (6)

u∗ and b∗ being the friction velocity and buoyancy scale respectively. The Brunt-Vaisala frequency is given by,99

N 2 (Z ) = dBv

dz
=

b∗
l∞

[tanh (κ (Z + z0 )/l∞ ) ]−1 . (7)

As in (6)UV (∞) = ∞, gravity waves can not propagate in the far field. Therefore, the background velocity is modified100

to become101

U (Z ) = u∗d
l∞

tanh
[
l∞
u∗d

UV (Z )
]
. (8)



Francois Lott et al. 5

1 10 100
U(m/s)

0,01

0,1

1

10

J=0.1, F=0.5 (d/L~0.16)

J=1.0, F=0.5 (d/L~0.50)

J=0.1, F=4.0 (d/L~1.26)

J=1.0, F=4.0 (d/L=4.00)

0,001 0,01 0,1

N(s
-1

)

0,01

0,1

1

10

z
(k

m
)

b
*
=1.5 10

-4
 m/s

2

b
*
=6.0 10

-4 
 m/s

2

a) b)

F IGURE 1 Background profiles of Brunt-Vaisala frequency (left panel) and wind (right panel) for two turbulent
buoyancy scales b∗ and two Froude numbers F . All the other parameters are fixed: u∗ = 0.25m/s, l∞ = 20m, zo = 1m,
and L = 1km. Boundary layer depth d is controlled by eq. 10.

which introduces a boundary layer depth d above which the background flow is externally imposed rather than being102

an exact solution of the viscous equations.103

In Lott et al. (2023) disturbance equations are solved for Gaussian mountains104

h (x ) = He
− x2

2L2 , (9)

with H and L the mountain height and horizontal length respectively. The far field profile characteristics and the105

horizontal mountain scale define a Froude number F which turns out to be highly relevant for the flow regime as will106

be shown later.107

F =
U (∞)
N (∞)L =

d

L
√
J
. (10)

Here J is a Richardson number measured in the boundary layer above the surface layer108

J =
l∞b∗
u2∗

≈ N 2

U 2
z

(l∞ << z << d ) . (11)

For fixed F , it will be used to distinguish "neutral" and "stratified situations".109

Examples of vertical profiles of N (Z ) and U (Z ) according to Eqs. (7) and (8) are shown in Figs. 1a and 1b re-110

spectively. In them, we choose quite strong values for the friction velocity, roughness length, and limit value of the111

mixing length which explicitly assumes that we consider rough terrain. The Brunt Vaisala frequency in Fig. 1 de-112

creases uniformly with altitude, as expected when colder surfaces impose stratification but stays quite small when113

b∗ = 1.5 10−4m/s2 (red in Fig. 1a). In this case, its minimal value in the far field is N (∞) ≈ 3 10−3 s−1 which we will114

consider as almost neutral flow. For larger b∗, (green in Fig. 1a) the Brunt Vaisala frequency N (∞) ≈ 1.253 10−2 s−1,115
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F IGURE 2 Mountain power spectrum multiplied by k for the Gaussian hill with L=1km (brown) and turning levels
(red and green) as a function of horizontal wavenumber for the same parameters as in Fig. 1. The dotted curves are
the inner layer depth hi (k ) (blue) and 1/k (black).

which is quite common for the free atmosphere in a stable winter configuration. The background wind in Fig 1b is116

shown for the same values of the turbulent buoyancy scale with two different values of the Froude number. In this117

paper we make the choice to keep the boundary layer characteristics constant (except to distinguish neutral and strat-118

ified situations according to b∗). The horizontal scale of the mountain L is set to 1km. These choices make depth d119

dependent on the Froude number F and b∗ (or J ) (see eq. 10). For neutral configurations and small Froude numbers,120

this results in a d that is quite small, the boundary layer stays confined near the surface, and the background wind is121

small at all altitudes with typically U < 2m/s. We will present results for this case for completeness but will mostly122

detail the other configurations which look more reasonable. In them the incident wind varies from moderately strong123

in the far field to very strong when d/L changes from d/L = 0.5 to d/L = 4.124

When slope S = H /L << 1 and the limit value of the mixing length l∞ << L, Lott et al. (2023) search disturbances125

to the background winds in the form of Fourier transforms:126

w ′ (X , Z ) =
∫ +∞

−∞
ŵ (k , Z )e i k X dk . (12)

with similar expression for b ′, p ′, u ′, and w′, the disturbances of buoyancy, pressure, horizontal velocity, and velocity127

perpendicular to the Z = ct e surfaces respectively. The disturbance equations considered in Lott et al. (2023) are128

written in dimensional form in the Appendix, they are solved using matched asymptotics which permits to impose129

no-slip boundary conditions in Z = 0 (û = ŵ = b̂ = 0) and radiation condition in Z → ∞, i.e.130

ŵ (k , Z ≈ ∞) = A (k )e i
√
(k 2c −k 2 ) Z , (13)

where the "cut-off" wavenumber kc = 1/(F L ) and k > 0 to ensure upward propagation and with the convention131

√
−1 = i to ensure evanescent waves when there are turning levels (when k > kc = 1/(F L )). The solution for k < 0132

is obtained by complex conjugation and the amplitude of each harmonics A (k ) deduced from the surface boundary133
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conditions after integration of (31).134

To anticipate the response to the mountain forcing, Fig. 2 shows the mountain forcing ĥ (k ) in spectral space,135

the turning levels, and the inner levels as a function of horizontal wavenumber. The altitudes of the inner levels are136

visualized by displaying
√
Q (z ) on the k -axis, and the turning levels by inverting numerically eq. (1) using for ν′ the137

diffusion coefficient in eq. (31),138

k U (hi (k ) ) =
2 l u∗
hi (k )2

. (14)

The first thing to notice is that the inner levels depend little on the J and F parameters. There are four almost139

undistinguishable blue dotted curves, and they are always located at substantially lower altitude than the turning140

levels. It means that in all cases and for most harmonics there is a large space between the inner layer and the turning141

levels where the dynamics is predominantly inviscid. The second thing to notice is that for small Froude number142

(F r = 0.5, dashed lines) most of the harmonics forced by the mountain are not trapped, i.e. k < kc for most k where143

the power spectrum of h is large. This is in contrast with the cases at larger Froude number (F = 4, solid lines) where144

most of the harmonics are trapped, i.e. k > kc for most harmonics forced by h. Still for the larger F , if we contrast145

cases between neutral and stratified, one sees that more of the trapped waves have turning levels located nearer the146

surface in the neutral case (solid red line) than in the stratified case (solid green line). According to Lott et al. (2023)147

this potentially favours the development of trapped lee-waves provided that the turning level altitudes are larger or148

comparable to the horizontal scale of the disturbances. To substantiate the comparison harmonic by harmonic, the149

black dotted curve shows their horizontal scale 1/k . In the stable case (J = 1 in solid green), ht (k ) ≈ 1/k and becomes150

even larger when k < 0.4 km−1. The turning levels are now sufficiently elevated compared to the horizontal scales for151

trapped waves to develop. On the contrary, in the neutral case (J = 0.1, solid red) , ht (k ) << 1/k , except of course152

when the harmonics are no longer trapped (i.e. when k > kc ).153

3 | LINEAR RESULTS154

3.1 | Vertical velocity field155

We plot in Fig. 3 the vertical velocity field w ′ when the outer flow has parameters as in Fig. 1. The first interesting156

thing to notice is that in all panels, w ′ has characteristic amplitudes around 50 cm/s which scale as U (hi )H /L, pro-157

vided we take the velocity at characteristic height hi ≈ 100m (see Fig. 2) and U (hi ) ≈ 2m/s (see Fig. 1a). This is158

the amplitude of the vertical velocity produced when an inviscid flow of speed U (hi ) passes over a ridge of slope159

H /L. The interpretation given by Lott et al. (2023) is that below hi dissipative effects force streamlines to be dis-160

placed in the vertical following the mountain, and above that inviscid dynamics takes over. This result will be central161

in our estimations of the drag and stresses. If we now analyse the differences, we see that for small Froude number162

(Figs. 3a-c) the response is dominated by upward propagating waves with almost no trapped waves in the neutral163

case (Fig. 3a) and quite a weak low level signal in the stratified case. Note nevertheless that at low level, the vertical164

velocity presents oscillations with wavelength λ = 2π/k ≈ 3km which is near the "cut-off" wavelength 2π/kc . This165

predominance of trapped oscillations near the cut-off wavelength is discussed in detail by Pauget et al. (2024). The166

results at larger Froude number in Fig. 3b and 3d show much less upward propagating waves, consistent with the fact167

that most harmonics encounter turning levels. There is nevertheless a strong contrast between the neutral and strat-168

ified configuration: trapped modes are almost absent in the neutral case, whereas a quasi-resonant mode dominates169

in the stratified case. Its horizontal wavelength is around 2π/λ ≈ 15 km, which is significantly smaller than the "cutoff170
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F IGURE 3 Vertical velocity field for various values of J and F , in all simulations u∗ = 0.25m/s−1, λ = 20m,
z0=1m, L = 1 km, and the mountain height H = 200m. To keep F unchanged when J varies, the boundary layer
depth d =

√
JF L. In all panels, the contour interval is 10 cm/s.

wavelength" 2π/kc ≈ 25 km, a behaviour also discussed in detail by Pauget et al. (2024). Basically, when stratification171

increases the turning level altitude, the higher turning levels approach the cut-off frequency. When they are suffi-172

ciently high compared to the characteristic scale of the mountain, trapped modes start to propagate downstream. It173

occurs first near the cut-off wavelength, eventually moving to higher wavelengths when the turning levels become174

higher.175

3.2 | Pressure drag and wave Reynolds stress176

To estimate the contribution of each harmonic to drag and stress, we compute the momentum flux in terrain following177

coordinates along Z = cte surfaces178

D̂ (k , Z ) = ℜ
{
−ρr ûŵ∗ + i k f (Z )ĥp̂∗

}
. (15)

The star indicates complex conjugate,ℜ is the real part and the function f (Z ) is from the curved coordinate definition179

(3). At Z = 0 for instance f (0) = 1 and (15) is the mountain drag since ŵ = 0 whereas for z → ∞, the Z -surfaces are180

horizontal, f (Z ) = 0, and the formula gives the conventional Reynolds stress since ŵ = ŵ . Note that formula (15) is181

the representation in spectral space of the leading order of equation (32) in Lott et al. (2023).1182

The black and red solid lines in Figs. 4 show the contributions of each harmonic to the surface drag and to the183

gravity wave stress in the far field, D̂ (k , 0) and D̂ (k ,∞) , respectively. When the Froude number is small in Figs. 4a184

and 4c, one sees that the Reynolds stress and mountain drag almost coincide. They are both substantial when the185

harmonics propagate upward in the farfield (when k < kc ), they are both small where the harmonics are evanescent186

1The total drag will need a 2π : D = 2π
∫ +∞
−∞ Ddk
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F IGURE 4 Surface drag (black solid line) and wave Reynolds stress (red solid line) as a function of horizontal
wave number. The curves represent k D̂ rather than D̂ , expressed in P a/km−2 to preserve integration along the
log-scale used for the k -axis. The dashed red curve is for gravity wave predictor eq. (16) with CW = 0.4 and the
black dashed curve also includes the form drag predictor according to eq. (18) with CT = 0.1. Additionally, the green
dotted line includes evanescent modes according to eq. (19) with St = 1.

in the farfield. Nevertheless when k < kc , one sees that the Reynolds stress is smaller than the surface drag, because187

there is a small erosion of the upward waves in the inner layer. Interestingly, there is a marked difference between188

the neutral and stratified cases near the cut-off wavenumber with the trapped mode appearing near the cut-off wave189

number as a narrow peak in the surface drag (see Fig. 4c). The cases with more evanescent modes in Figs. 4b and190

4d, are dynamically much richer. In them, one sees that in the propagating harmonics range (k < kc ) drag and wave191

Reynolds stress almost coincide, whereas in the evanescent harmonics range (k > kc ) the drag can be large, whereas192

the Reynolds stress is almost zero. More specifically, the large drag when F = 4 and J = 0.1 in Fig. 4b is not likely due193

to trapped waves, as the signal on vertical velocity downstream of the mountain in Fig. 3b is very small. It is a case194

where evanescent harmonics essentially contribute via a turbulent orographic form drag. On the contrary, when J = 1195

and still for F = 4, Fig. 4d shows a substantial peak in drag at k ≈ 0.4, which corresponds to the horizontal wavelength196

that dominates the response in Fig. 3d.197

3.3 | Mountain drag and gravity wave stress predictors198

Based on the fact that the vertical velocity field scales in amplitude as if the background flow incident on themountain199

should be taken at the inner altitude, we propose as a first predictor of the wave drag its hydrostatic value:200

D̂W (k ) = ρrCW k ĥ ĥ∗U (hi (k ) ) N (hi (k ) ), (16)

where the constant CW is a tunable parameter. The physical interpretation is that the strong turbulent diffusion in the201

lower part of inner layer forces the streamlines to follow the hills, and the distorted streamlines become the "effective"202

orography that produces the waves (see Lott et al., 2020). We also consider that turbulent form drag is the result of203

the pressure loss across the hill that balances changes in disturbance shear stress. To estimate it we consider that204
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the amplitude of the horizontal wind disturbance at hi is ≈ ĥ∂U/∂Z (hi ) , an estimate based on the particular solution205

of the problem in curved coordinates, (see (A24) in Lott et al., 2023). Taking into account the definition of hi (k ) in206

(14) and comparing the horizontal pressure gradient to the shear stress vertical derivative (see right hand side in (31))207

yields i k p̂∗ ≈ U (hi )∂U/∂Z (hi )ĥ. Multipliying by ĥ∗ gives an estimate of the turbulent form drag,208

D̂T (k ) = ρrCT k ĥ ĥ∗U (hi (k ) )
∂U (hi (k ) )

∂Z
, (17)

CT being a second tunable parameter. This is an interesting formula since compared to (16), the Brunt-Vaisala fre-209

quency, N (hi ) is simply replaced by the wind shear ∂U/∂Z (hi ) .210

The dashed red curve in Fig. 4 applies the gravity wave stress predictor for harmonics with k < kc and taking211

CW = 0.4. We see that it matches well the gravity wave stress from the model for all values of F and J . For the212

surface pressure drag we augment gravity wave predictor (16) with turbulent form drag predictor (17) taking CT = 0.1,213

resulting in surface drag214

D̂S (k ) = D̂T (k ) + Θ (kc − k ) D̂w (k ), (18)

with Θ for the Heaviside function to retain propagating modes for k < kc only. For small Froude number, the black215

dashed lines shows that the inclusion of the turbulent form drag does not change much the prediction. It slightly216

increases the drag compared to the gravity wave stress predictor, staying quite close to the model drag. Of course217

none of these two formulae capture the peaks in drag near kc (Fig. 4c). At large Froude number, the results are more218

contrasted between the neutral and stratified case. In both, our predictors stay valid for propagating disturbances (k <219

kc ) and the drag predictor seems to work quite well as long as there are no trapped waves, which is valid in the neutral220

case (see Fig. 4b). However, the predictor rather fails in the stable case, when trapped waves control the flow at low221

level (see Fig. 4d). Unfortunately, there is no simple way to capture the drag due to quasi-resonant dissipative modes.222

The only analytical results we have, stay limited to an inviscid and simplified background configurations (Teixeira et al.,223

2013a,b). To circumvent that difficulty we return to the fact that when the turning levels are sufficiently high, the224

hydrostatic wave theory is still suitable for the prediction of drag (Lott, 1998) but overstate it when the turning levels225

are close to the surface. These are inviscid results, but here we have seen that trapped lee waves do not develop226

when k < 1/ht (k ) and become strong when k > 1/ht (k ) . For this reason, we next propose to extend the wave drag227

predictor to the evanescent modes satisfying this criteria and write,228

D̂S (k ) = DT (k ) + Θ (kht (k ) − St ) Dw (k ), (19)

where St is a tunable parameter. Note that all the propagating harmonics are included in (19) since ht (k ) = ∞ when229

k < kc . In Fig. 4d, we take St = 1 and see on the green dotted curve that this extension of the gravity wave drag230

to the evanescent sector permits to capture a fraction of the peak in drag that is due to trapped waves. In the other231

panels, this extension does not play a role simply because the ht ’s are too close to the surface when not infinite. We232

have tested our formula with many different flow configurations, varying λ, zo , J and F quite systematically. When233

we change λ and zo for instance, we found quite comparable behaviour as in Lott et al. (2023), namely that predictors234

comparable to ours here stay qualitatively valid. It means that matches can be obtained for slightly different tuning235

parameters CW and CT . What is important here are the concepts. But to illustrate the difficulties, Fig. 4a-b shows236
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F IGURE 5 Drag integrated over wave number for the Gaussian hill, as a function of the Froude number with
J=0.1 (left panel) and J=1 (right panel). The solid black curve is for surface drag and the solid red curve for gravity
wave stress both from the linear model. The dashed black curve represents the TOFD predictor, the dashed red the
gravity wave stress predictor, and the dotted green curve includes TOFD + gravity wave + trapped waves predictors
according to eq. (19).

the drag stresses and predictors integrated over all wavenumbers,237

D (Z ) = 2π

∫ +∞

−∞
D(k , Z ) dk (20)

and varying systematically the Froude number. In them one sees that it is the wave stress that is the most accurately238

predicted with some overestimation in the neutral case at small Froude number. This impacts the surface drag pre-239

dictor in the same range. At Froude number F > 1, the wave stress is well predicted in both neutral and stratified240

cases. The difference between the surface drag and the gravity wave stress is important because it tells us where241

an additional tendency is needed in the momentum equation. It is particularly important important at large Froude242

number in both the neutral and stratified case. In the neutral case, the TOFD predictor captures well the difference243

as indicated by the dashed line in Fig. 5a. In the stratified case, the TOFD predictor increases the wave drag, but244

not sufficiently, it is the inclusion of trapped waves that make up the difference (see the green dotted line in Fig. 5b).245

Clearly at large Froude number the predictor starts to diverge from the model, underestimating the trapped waves246

contribution. We found such underestimations quite common but better predictors of the trapped waves are hard to247

find.248

As our linear dissipative theory attributes the differences between surface drag and wave stress to three different249

causes, inner layer erosion of propagating modes, inner layer erosion of evanescent modes, or dissipated trapped lee250

waves, we can ask ourselves if the drag at low level will be distributed differently in the vertical. For this purpose, Fig. 6251

shows vertical profiles of the MFsD(k , Z ) for different wave numbers, where for each wavenumber the altitudes has252

been normalized by the inner layer altitude. When there are almost no evanescent modes in the neutral case (Fig. 6a),253

theMFs are almost uniform although some erosion occurs below z < 3 t o 4hi (k ) in the stable case (Fig. 6b). Compared254

to Fig. 6a there is some erosion of theMFs because the gravity waves have a shorter vertical wavelength and are hence255

more affected by dissipation (see Pauget et al., 2024). At large Froude numbers, most of the evanescent harmonics256

that contribute to the drag see their MFs decreasing between the surface and z < 3 to , 4hi (k ) again. This is the257

same vertical distance over which the propagating harmonics are affected. Whatever the dynamics, from the many258

dissipated evanescent harmonics seen in F i g . 6b , to the trapped mode that strongly contributes in Fig. 6d, the MFs259

always decrease over the same distance, which is about 3 t o 4hi (k ) . Of course this is not a surprise, all modes being260

steady we know from Eliassen and Palm (1962) that the MFs can only decay where there is dissipation, which here261
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F IGURE 6 Vertical profiles of momentum fluxes D̂ (k , Z ) for a range of wave numbers (see legend, with k in
km−1).

occurs over distances scaled by hi .262

3.4 | Predicting blocking/sheltering depth263

The fundamental concept used to predict flow blocking in Lott and Miller (1997) is that according to Smith (1980),264

linear theory can be used to predict the blocking altitude. More specifically, in Lott and Miller (1997) it tells at which265

altitude an air parcel, initially located at an altitude zb , and forced to move up, will no longer ascent vertically when266

reaching the mountain top. Basically, and using a WKB approach, we therefore have to calculate the change in phase267

between zb and the mountain top H and test when it exceeds a threshold HNC268 ∫ H

zb

N

U
dz = HNC . (21)

Here we have used the hydrostatic approximation to express a local vertical wavenumber. We could alternatively get269

closer to the Smith (1980)’s approach and search when the horizontal velocity produced by the wave forced by a hill270

of height H − zb balances the incident wind at that height. Still in the hydrostatic case this gives271

N (zb ) (H − zb ) ≈ U (zb ) ∗ HNC . (22)

It is not the same, but quite comparable. Advantage of (22) is that it can easily be extended to the non-hydrostatic272

case. If we use linear WKB theory to calculate u ′ produced by h (x ) − zb it writes,273

u ′ = U (zb )
∫ +∞

−∞
−i sign(k )

√
N 2

U 2
− k 2 (h − zb )dk . (23)
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We can simplify further and consider that the Fourier transform of the hill above the blocked flow stays near the274

Fourier transform of the hill, ĥ − ẑb = (H − zb ) ĥ/H , in which case, the condition |u ′ | ≈ HNCU writes:275

H − zb
H

∫ +∞

−∞

√����N (zb )2
U (zb )2

− k 2
���� ĥ (k ) dk ≈ HNC . (24)

In case of uniform flow and Gaussian ridge, h = LH√
2π

e
−k 2L2

2 this condition reduces to276

(H − zb )N (zb )
U (zb )

= HNC , and
2
√
π

(H − zb )
L

= HNC . (25)

in the hydrostatic stratified case and in the non-hydrostatic neutral case respectively. We recognize the criteria for277

the non-dimensional height used in stratified flow dynamics and a slope criterion in the neutral case.278

4 | SUMMARY AND DISCUSSION279

4.1 | Upgrading TOFD and SSO280

The assumption of most parameterizations of subgrid scale mountains is that mountain flow dynamics can be de-281

scribed by three conceptual models whose relevance depends on a non-dimensional mountain height, HN = HN /|U |282

and slope S = H /L parameters.283

For small HN and very small slope S , the mountain drag is due to "upward" propagating waves, whose value is284

estimated via hydrostatic predictors. In our Boussinesq 2D framework this drag due to Upward propagating Waves285

(UW) can be written as286

DUW = U N

∫ ∞

0
ρrCw k ĥĥ

∗dk , (26)

whereU and N are typically averaged between the surface (or a blocked flow altitude) and the mountain top. The fact287

that the incident winds and stability estimate are independent of wavenumber eases integration, and this assumption288

is made in all existing schemes, to our knowledge. In our calculation, we propose to change this into289

DUW =

∫ kc

0
Cw ρr k ĥĥ

∗U (hi )N (hi )dk , (27)

which is quite close, at least conceptually. We take into account non-hydrostatic effects by limiting the contribution of290

the upward propagatingwaves to those not reaching turning levels in the lower troposphere, which requires to identify291

kc . The momentum deposit due to those waves can be treated using conventional breaking criteria. A difficulty in our292

case, is that the level at whichU and N are evaluated varies with wavenumber which complexifies the integration. In293

terms of amplitude nevertheless, the fact that we propose to take winds and stability at inner layer altitude should not294

make a big difference because boundary layer turbulence smears out disturbances typically over a depth of more than295

100m. At the current resolution of most models, these altitudes should not be too far from those of the subgrid scale296

orography. Treating breaking could either be done harmonic by harmonic, or by making hypotheses on the spectral297

distribution of the wave induced vertical displacement to detect overturning and limit it.298

Still at small HN but larger S , when the incident flow is more neutral, TOFD drag needs to be applied. Following299
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eq (9) in Beljaars et al. (2004) it writes300

DT =

∫ ∞

k0

ρrCT k
2ĥĥ∗ |U (hm ) |2 dk , where the height hm = cm/k (28)

where CT and cm are tunable parameters. This expression translates linear dynamics (the drag is proportional to the301

square of the slope) and we propose to modify it into,302

DT =

∫ ∞

0
ρrCT k ĥĥ

∗ |U (hi ) |
���� dUdZ (hi )

���� dk . (29)

In our framework, the inner layer height is the height at which background turbulence affects disturbances, and can303

be quite high, e.g. around 100m for our 1km long ridges (see Fig. 2) whereas Beljaars et al. (2004) take cm = 0.1304

which results in comparable altitudes. Concerning the vertical distribution of the drag, it is done for each harmonic305

over scale lw = 2/k capped by around 500m in Beljaars et al. (2004) , again comparable to the decay over 3hi − 4hi306

seen here in Fig. 6. Note that Beljaars et al. (2004) then make other simplifications and integrate over wavenumber307

to fasten the parameterization and ensure its stability, which we leave for further analysis. A novelty here is that we308

propose to include a trapped wave drag at low level, acting on the same depth as DT , and which is just the wave drag309

extended between kc and k t :310

DTW =

∫ kt

kc

Cw ρr k ĥĥ
∗U (hi )N (hi )dk .,where k t ht (k t ) = ST (30)

and where St is another tuning parameter (St = 1 in our calculations, see (Figs. 4-5)). The extension of the wave drag311

at trapped wavenumbers here could provide the low level drag needed in the stable case when the turbulent drag is312

not strong enough (the long-tail problem see Tsiringakis et al. (2017)). There is a marked difference nevertheless: the313

wave drag in Tsiringakis et al. (2017) is evaluated with wind and stratification taken at the boundary layer height, and314

is entirely redistributed over that height. There is no distinction between trapped or freely propagating waves, and315

the dynamics at work is more related to freely propagating waves reaching critical levels in the boundary layer (Nappo316

and Chimonas, 1992). In our case, the low level drag is explicitly due to trapped waves. Critical levels can also occur317

but only for the upward waves contributing to the drag in (27) providing that we treat their propagation and breaking318

according to the direction of their horizontal wavenumber (Martin and Lott, 2007).319

Finally, for large HN and/or S we kwow that part of the flow is either blocked upstream (large HN , small S ) or320

downstream (the sheltering effect occurring in the neutral case (large S , small HN ). Without checking numerically,321

we propose to replace conventional blocked flow criteria like in (21) by its non-hydrostatic extension (24). Next step322

could be to apply low level drag below that level, as it is described in Lott and Miller (1997) (see Eqs. 4 and 5).323

4.2 | Discussion and further challenges324

As weather prediction and climate model resolution increases and gravity waves at least become partly resolved, it325

could mean that a tipping point will soon be reached in the domain of subgrid scale orography parameterization. It326

may well be that gravity waves and related nonlinear processes (flow blocking) no longer need to be parameterized327

and that we should only consider how the unresolved subgrid scale orography feeds turbulence. For a variety of328

reasons, which include that the model gridscale is not representative of the model effective resolution, it does not329

seem to be the case in the foreseen future. Nevertheless, it is quite certain that models are reaching scales where the330
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interplay between gravity waves and turbulent boundary layers should be considered. The example we provide here331

of a simplified boundary layer interacting with a small slope hill, is a first step in this direction. By proposing moderate332

changes in existing parameterizations, it illustrates how they can be combined. For example, the often assumed scale333

separation between TOFD and SSO parameterization needs to be made flow dependent, and we show here that it334

could be done by evaluating a cut-off wave number kc obtained for instance by minimizing the Scorer parameter in335

the troposphere. We also show that wave drag and turbulent orographic form drag could have similar expressions,336

simply changing the buoyancy frequency N into wind shear ∂U/∂Z when neutral dynamics start to dominate. Also,337

trapped lee waves can be taken into account by comparing the horizontal wavenumber of each harmonic to their338

turning height altitude.339

Beyond this quite reasonable results, and even giving credit to the predictors we provide, numerous difficulties340

remain. First, our drag expressions need to be integrated over wavenumbers, which is potentially involved and may341

necessitate numerous idealized tests using single columnmodels and realistic orographic spectra (Beljaars et al., 2004).342

There is also the difficulty of accounting for turning levels, for instance when the wind turns with altitude within the343

boundary layer (Shutts, 1995; Martin and Lott, 2007). Also, all our background fields and predictors involve inner layer344

depths, which measure the altitude at which turbulence impacts subgrid scale dynamics, and that can be difficult to345

evaluate. If it can not be worked out from the boundary layer scheme where a disturbance dissipates, other solutions346

may exist like taking the inverse of the horizontal wavenumber as in Beljaars et al. (2004), or a mid-level altitude as in347

Hunt et al. (1988b) but these need further study.348

Although we think that this study offers improvements over existing schemes for subgrid orogaphy, we also349

recognise the limitations that need further work. The simplest improvement is probably the extension to 3D orog-350

raphy particularly if it is assumed that subgrid orography is isotropic. Impact studies have shown that the impact of351

anisotropy is very limited (Elvidge et al., 2019). In the current study, the turbulence model is a mixing length scheme,352

but it does not consider the influence of stability on turbulent diffusion. It does also not consider non-equilibrium as-353

pects. As most turbulence schemes in large scale meteorological models, "quasi-equilibrium" is assumed i.e changes354

in the forcing are assumed to be slow compared to the time scale that turbulence needs to establish equilibrium. The355

latter is a good approximation particularly close to the surface where the turbulence time scales are short, but it be-356

comes less accurate for perturbations from subgrid orography. For those cases Beljaars et al. (1987) have shown that357

higher order closure is important particularly to simulate stress profiles. In a review of schemes, Xu and Taylor (1995)358

conclude that the level of closure is more important for the simulation of surface drag than using a full non-linear359

model.360

More fundamentally, if our calculations somehow take into account the impact of turbulence on waves and on361

the wave duct, they completely neglect the feedback of waves on the turbulence itself, and additional mixing may362

occur (Sun et al., 2015; Vosper et al., 2018). Our calculations also neglect that enhanced subgrid scale mixing is more363

likely to occur on the lee side of the mountains, for instance where trapped waves produce rotors. In this case, the364

trapped waves can produce vertical exchange of heat, a possibility we have completely excluded here.365

5 | DATA AVAILABILITY STATEMENT366

The theoretical model used to support the findings of this study is available from the corresponding author upon367

request.368
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Appendix369

Recalling from (3) that the vertical coordinate transform writes z = Z + f (Z )h (x ) and neglecting turbulent diffusion370

terms in the horizontal (Prandtl approximation), the linear set as solved in Lott et al. (2023) can be rewritten in the371

dimensional form,372

i kUû + ∂U

∂Z
ŵ + i k

p̂

ρr
=

∂

∂Z

{
2l u∗︸︷︷︸
i ncl ν′

∂û

∂Z

}
+ i k B f ĥ (31a)

373

i kU b̂ + ∂B

∂Z
ŵ =

∂

∂Z

{
l u∗

∂b̂

∂Z
+ l b∗

∂û

∂Z

}
, (31b)

374

i kU ŵ + 1

ρr

∂p̂

∂Z
− b̂ = k 2U 2 f ĥ, (31c)

375

i k û + ∂ŵ
∂Z

= −i kU df

dZ
ĥ, (31d)

376

where ŵ = ŵ − i kU f ĥ, (31e)

subject to the surface boundary condition (û = ŵ = b̂ = 0 in Z = 0). In curved coordinates the mountain forcing is377

applied via the last terms on the right of (31a), (31c), and (31d).378
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Long Solution in curved coordinates477

U =cte, N 2 = ∂B
∂z =cte, no friction f (Z ) = 1:478

i kUû + i k
p̂

ρr
= i k Bĥ (32a)

479

i kU b̂ + ∂B

∂Z
ŵ = 0, (32b)

480

i kU ŵ + 1

ρr

∂p̂

∂Z
− b̂ = k 2U 2ĥ, (32c)

481

i k û + ∂ŵ
∂Z

= 0, (32d)

482

where ŵ = ŵ − i kU ĥ, (32e)

Particular solution:483

p̂p = Pz ĥ = ρr Bĥ, b̂p = Bz ĥ = N 2ĥ, ŵp = −i kU ĥ, ûp = 0. (33)

Homogeneous solution:484

d 2ŵh

dZ 2
+
(
N 2

U 2
− k 2

)
ŵh = 0 → ŵh = ŵh (0)e imZ (34)

Boundary condition:485

(
ŵp + ŵh

)
(Z = 0) = 0 → ŵh (0) = i kU ĥ (35)

Complete solution:486

ŵ = i kU ĥe imz − i kUh, û = imUĥe imz ,
p̂

ρr
= Bĥ − imU 2ĥe imz (36)

Drag according to (15):487

−ρr
(
mkU 2ĥĥ∗ − kmU 2ĥĥ∗e imz

)
+ i k ρr Bĥĥ

∗ − mkρr ĥĥ
∗U 2e−imz (37)

Imaginary part only keep first term. A lot of cancelation compared to rectangular coordinates.488


