Radiative Net Exchange Formulation Within One Dimensional Gas Enclosures With Reflective Surfaces

CHERKAOUI Moha (1) , DUFRESNE Jean-Louis (1)^�, FOURNIER Richard (2) , GRANDPEIX Jean-Yves (1) , LAHELLEC Alain (1)

(1) Laboratoire de Météorologie Dynamique , C.N.R.S-Université Paris 6, F-75252 Paris Cedex 05, France

(2) LESETH, Université Paul Sabatier, 118, route de Narbonne, F-31062 Toulouse Cedex, France

October 6, 1997

1. Introduction

The Net Exchange Formulation (NEF) and the Exchange Monte Carlo Method (EMCM) were proposed in (Cherkaoui et al., 1996) for accurate computation of infra red radiative exchanges within gas enclosures. This formulation has some common principles with the exchange factor methods (Zone Method...) although the volume are not supposed to be isothermal and the fundamental variable is not the exchange but the net-exchange flux.

�corresponding author (e-mail : dufresne@lmd.jussieu.fr)

For grey absorbing-emitting/isotropically-scattering medium confined in a Lambert enclosure, the totale exchange areas are completly defined by (Noble, 1975). To deal with non-grey medium surrounded by reflective surfaces, the radiative exchanges should be followed along a lot of reflections or scatterings. Up to now, only low order closure algorithm were used (Naraghi and Huan, 1991; Menart et al., 1993). The aim of this technical note is to adresse, in a simple problem (no scattering, one dimensional) but for a wide range of optical properties, the exact solution of the radiative exchanges.

The extension of the NEF to the case of reflective surfaces (Sec. 2) and the derivation of an estimator of the truncation error (Sec. 3) are first presented. Optically thin gas problems with highly reflective surfaces are then studied (Sec. 4).

2. Generalization of the Net-Exchange Formulation with multiple reflections.

In the Net Exchange Formulation, radiative transfer is described in terms of Net Exchange Rates (NER) Ψ(i, j) between zone pairs i, j. The radiation budget Ψ(i) of one zone i is the sum of all NER between i and the other zones of the discretized system.

Ψ(i) = ∑ j Ψ(i, j) (1)

The configuration considered in this note is a one-dimensional slab with reflective surfaces. Under the assumption that the gas refraction index is uniform, any optical path γ is a set of broken lines and is entirely defined with the abscissae x_γ and y_γ of origin and end, the number r_γ of surface reflections, the vector ⃗μ_γ of the segment cone angle cosines (the dimension of ⃗μ_γ is r_γ + 1) and, in the case of the exchange between two gas volumes, the first encountered surface number n_γ (see Fig. 1) :

γ = Γ(x_γ , y_γ , r_γ , ⃗μ_γ , n_γ) (2)

The monochromatic optical depth of the path γ is given as

τ_{ν,γ} = τ_ν (x_γ , y_γ , μ_γ (0)) if r_γ = 0, τ_ν (x_γ , S(n_γ ), μ_γ (0)) + r_γ −1∑ s=1 τ_ν (S(1), S(2), μ_γ(s)) + τ_ν (S(M_γ (r_γ )), y_γ , μ_γ (r_γ )) if r_γ ≥ 1 (3) where τ_ν (x, y, μ) is the optical depth of the x to y segment with a cone angle cosine μ, S(1) and S(2) are the abscissae of the two surfaces and M_γ (s) is the index of the surface encountered at the s-th reflection.

The monochromatic directional-directional reflectivity of the m-th surface is noted

ρ^{dd}_ν (μ_r , μ_i, m) = ρ^{dh}_ν ( μ_i, m ) q_ν ( μ_r; μ_i, m ) (4)

where ρ^{dh} is the directional-hemispheric reflectivity and q is the probability density function of the reflection cosine μ_r for an incident cosine μ_i. The compound reflection factor R_{ν,γ} is then defined as the directional-directional reflectivity product for all reflections along the path γ : R_{ν,γ} = 1 if r_γ = 0 R_{ν,γ} = r_γ∏ s=1 ρ^{dh}_ν ( μ_γ (s − 1), M_γ (s) ) q_ν ( μ_γ (s); μ_γ (s − 1), M_γ (s) ) if r_γ ≥ 1 We now consider a gas layer i between abscissae X_i and X_{i+1} and a gas layer j between abscissae X_j and X_{j+1}. The monochromatic NER between i and j (see Cherkaoui et al., 1996) can be expressed by summing the contributions of optical paths involving r reflections with r varying from zero to infinity :

ψ^{gg}_ν (i, j) = ∞∑ r=0 ∫_{Xi+1} X_i dx ∫_{Xj+1} X_j dy ∫_1 0 dμ(0)... ∫_1 0 dμ(r) {_2 ∑ n=1 h^{gg}_ν (Γ(x, y, r, ⃗μ, n)) } (5)

where

h^{gg}_ν (γ) = π [B_ν (y_γ ) − B_ν (x_γ )] 2 μ_γ (0) R_{ν,γ} | | | | ∂^2exp(−τ_{ν,γ} ) ∂x_γ ∂y_γ | | | | (6) Two assumptions are made when averaging monochromatic NER over a spectral narrow band : monochromatic black body intensities and reflection properties are assumed uniform (B_ν ≈ B, ρ^{dh}_ν ≈ ρ^{dh} and q_ν ≈ q). With only these two assumptions and by inverting angular and spectral

integrals, the average over a narrow band l of the NER between two gas layers is :

Gas-gas exchanges

ψ^{gg}_l (i, j) = ∞∑ r=0 ∫_{Xi+1} X_i dx ∫_{Xj+1} X_j dy ∫_1 0 dμ(0)... ∫_1 0 dμ(r) {_2 ∑ n=1 h^{gg} ( l, Γ(x, y, r, ⃗μ, n) ) } (7)

where

h^{gg} ( l, γ ) = π [ B_l(y_γ ) − B_l (x_γ ) ] 2 μ_γ (0) R_{l,γ} | | | | ∂^2F_l(γ) ∂x_γ ∂y_γ | | | | (8)

F_l(γ) = 1 Δν ∫ Δν exp(−τ_{ν,γ} )dν (9)

F_l is defined as the spectral average transmission function, which can be approximated using

narrow band models. The NER between surface m and gas layer i and between surface m and

surface m^′ can be formulated similarly :

Surface-gas exchanges

ψ^{sg}_l (m, i) = ∞∑ r=0 ∫_{Xi+1} X_i dy ∫_1 0 dμ(0)... ∫_1 0 dμ(r) h^{sg} ( l, Γ(S(m), y, r, ⃗μ, m^′) ) (10)

where m^′ is the index of the surface facing m and

h^{sg} ( l, γ ) = π [1 − ρ^{dh}_l (μ_γ (0), m)] [ B_l(y_γ ) − B_l(S(m)) ] 2 μ_γ (0) R_{l,γ} | | | | ∂F_l(γ) ∂y_γ | | | | (11)

Surface-surface exchanges

ψ^{ss}_l (m, m^′) = ∞∑ r=0 ∫_1 0 dμ(0)... ∫_1 0 dμ(r) h^{ss} ( l, Γ(S(m), S(m^′ ), r, ⃗μ, m^′) ) (12)

where

h^{ss} ( l, γ ) = π [1 − ρ^{dh}_l (μ_γ (0), m)][1 − ρ^{dh}_l (μ_γ (r_γ ), m^′)] × [ B_l(S(m^′)) − B_l(S(m)) ] 2 μ_γ (0) R_{l,γ} F_l(γ) (13)

3. Truncation error over-estimates

Preceding NER expressions involve infinite sums over surface reflections. The present section aims

at finding an estimate of the errors made when omitting higher order terms. Since all terms in,

say, Eq. 10 have not the same sign (because points in layer i may be warmer as well as colder than

surface m) we shall seek an estimate of the truncation error on the spatial density. For Eq. 10,

the absolute value of this density reads : | | | | | ∂ψ^{sg}(m, y) ∂y | | | | | = ∞∑ r=0 ∫_1 0 dμ(0)... ∫_1 0 dμ(r) | | |h^{sg} ( l, Γ(S(m), y, r, ⃗μ, m^′) )| | (14)

Clearly the partial sum of the r_0 first terms yields an under estimate of the full sum. What is

sought for now is an overestimate function ξ^{sg} such that :

∫_1 0 dμ(0)... ∫_1 0 dμ(r_0) | | | | | ∞∑ r=r0+1 ∫_1 0 dμ(r_0 + 1)... ∫_1 0 dμ(r) h^{sg} ( l, Γ(S(m), y, r, ⃗μ, m^′) ) | | | | | ≤ ∫_1 0 dμ(0)... ∫_1 0 dμ(r_0) ξ^{sg} ( l, Γ(S(m), y, r_0, ⃗μ, m^′) ) (15)

The domain of integration of the truncated sum and the one of the over estimate function ξ^{sg} are

the same : the angles of the first r_0 terms. So these two numerical integrations can be computed

together.

Simple over-estimate functions ξ^{sg} could be derived by only considering surface extinction after

the (r_0 + 1)-th reflection. As an alternative, other over-estimates are proposed here for which

only gas extinction is considered. The derivations are made with the assumption that the spectral

average transmission function is a direct function of the effective pressure path length u_γ (common

to most narrow band models):

F_l(γ) = T_l ( u_γ ) (16)

u_γ is defined similarly to the τ_{ν,γ} expression (Eq. 3):

u_γ = u ( x_γ , y_γ , μ_γ (0) ) if r_γ = 0 u ( x_γ , S(n_γ ), μ_γ (0) ) + r_γ −1∑ s=1 u ( S(1), S(2), μ_γ (s) ) + u ( S(M_γ (r_γ )), y_γ , μ_γ(r_γ ) ) if r_γ ≥ 1

(17) where u(x, y, μ) is the effective pressure path length of the segment from abscissa x to abscissa y

with a cone angle cosine μ (see Cherkaoui et al., 1996). For any path γ we shall need extended

path γ|r, for reflection numbers r > r_γ , defined as :

γ|r = Γ(x_γ , y_γ , r, ⃗μ_{γ|r}, n_γ ) (18)

where

μ_{γ|r}(s) = μ_γ (s) if 0 ≤ s ≤ r_γ − 1 (19)

μ_{γ|r}(s) = μ^∗ if r_γ ≤ s ≤ r − 1 (20)

μ_{γ|r} (r) = μ_γ (r_γ ) (21)

μ^∗ = 1 in the general case and could be taken as μ^∗ = μ_γ (0) in the simple case of two specular

reflecting surfaces. γ|r is therefore an optical path that is identical to γ up to the (r_γ − 1)-th

reflection, other cone angle cosines being attributed the value μ^∗ except for the last direction that

corresponds to the last direction of the path γ. A first over-estimate can be obtained by use

of the properties that : i) directional-hemispheric reflectivities are lower than unity; ii) the first

derivative of T (which is negative) is an increasing function of the effective pressure path length. | | | | | ∞∑ r=r0 +1

∫_1 0 dμ(0)... ∫_1 0 dμ(r) h^{sg} ( l, Γ(S(m), y, r, ⃗μ, m^′) ) | | | | | ≤ ∫_1 0 dμ(0)... ∫_1 0 dμ(r_0) { π [ 1 − ρ^{dh}_l (μ_γ (0), m) ] | B_l(y_γ ) − B_l(S(m)) |

× 2 μ_γ (0) R_{l,γ} Ξ_{l,γ} ∞∑ r=r_γ +1 [ − ∂T_l ∂u ( u_{γ|r} ) ]} γ=Γ(S(m),y,r0,⃗μ,m^0) (22)

where

Ξ_{l,γ} = max_{α∈[0,1]} i∈{1,2} ( q_l (μ_γ (r_γ ); α, i) q_l (μ_γ (r_γ ); μ_γ (r_γ − 1), M_γ (r_γ )) ) (23)

Note that Ξ_{l,γ} = 1 for specular or diffuse reflecting surfaces. Further simplification of this over-

estimate can be obtained by use of the following relation :

u_{γ|r+2t} = u_{γ|r} + 2 t u ( S(1), S(2), μ^∗ ) (24) together with the following property of positive monotonous decreasing functions : ∞∑ t=1 g(a + th) ≤ 1 h ∫_∞ a g(y)dy (25)

In the present case, g = −^{∂T l}_{∂u} and h = 2u(S(1), S(2), μ^∗) leads to : ∞∑ r=r_γ +1 [ − ∂T_l ∂u ( u_{γ|r} ) ] = − ∂T_l ∂u ( u_{γ|rγ +1} ) − ∞∑ t=1 ∂T_l ∂u ( u_{γ|rγ +2t} ) − ∞∑ t=1 ∂T_l ∂u ( u_{γ|rγ +1+2t} )

≤ − ∂T_l ∂u ( u_{γ|rγ +1} ) + T_l(u_γ ) 2u(S(1), S(2), μ^∗) + T_l(u_{γ|rγ +1}) 2u(S(1), S(2), μ^∗) ≤ − ∂T_l ∂u ( u_{γ|rγ +1} ) + T_l(u_γ ) u(S(1), S(2), μ^∗)

(26)

The final retained over-estimate (see Eq. 15, 22 and 26) is :

ξ^{sg} ( l, γ ) = π [1 − ρ^{dh}_l (μ_γ (0), m)] | |B_l(y_γ ) − B_l(S(m)) | | × 2 μ_γ (0) R_{l,γ} Ξ_{l,γ} { − ∂T_l ∂u (u_γ ) +

T_l(u_γ ) u(S(1), S(2), μ^∗) } (27)

Gas-gas and surface-surface over-estimates are derived similarly :

ξ^{gg} ( l, γ ) = π | |B_l(y_γ ) − B_l(S(m)) | | 2 μ_γ (0) R_{l,γ} Ξ_{l,γ} { ∂^2T_l ∂u^2 (u_γ ) − ∂T_l ∂u (u_γ ) u(S(1), S(2), μ^∗) } (28)

ξ^{ss} ( l, γ ) = π [ 1 − ρ^{dh}_l (μ_γ (0), m) ] . [ 1 − ρ^{dh}_l (μ_γ (r_γ ), M_γ (r_γ )) ] | B_l(S(1)) − B_l(S(2)) | |

× 2 μ_γ (0) R_{l,γ} Ξ_{l,γ} T_l (u_γ ) + ∫_{uγ} 0 T_l (u^′) du^′ u(S(1), S(2), μ^∗) (29)

For surface-surface exchanges, the primitive of T is difficult to handle. In Ref. (Cherkaoui et

al., 1996), a simpler over-estimate was used that is valid in the specular and diffuse cases ; gas

extinction is neglected after the (r_0 + 1)-th reflection and reflectivities are assumed either Dirac

like or independent of the incident angle :

ξ^{ss} ( l, γ ) = π [ 1 − ρ^{dh}_l (μ_γ (0), m) ] . [ 1 − ρ^{dh}_l (μ_γ (r_γ ), M_γ (r_γ )) ] | B_l(S(1)) − B_l(S(2)) | | × 2 μ_γ (0) R_{l,γ} Ξ_{l,γ} T_l (u_γ ) . ρ^{dh}_l (μ^∗, 1).ρ^{dh}_l (μ^∗, 2) 1 − ρ^{dh}_l (μ^∗, 1).ρ^{dh}_l (μ^∗, 2)

(30)

4. Test results

Preceding derivations allow the use of the EMCM algorithm (Cherkaoui at al., 1996) for configurations with large numbers of multiple reflections. Simulation results are presented for onedimensional slab configurations with air-CO_2 mixtures and purely specular or purely diffuse surfaces. Spectral data are those of Soufiani et al.(1985) and Soufiani (1994). A first series of simulations was made to validate the overestimation properties of the truncation error estimates derived in Sec. 3. The truncated volumetric radiation budget is an under estimate of the total budget and adding to it the truncation error over estimate yields an over estimate. Both under and over estimates have to converge when the number of considered reflections increases to infinity. Such a test is presented in Fig. 2 for a configuration with two perfect reflectors surfaces: convergence of the radiation budget is achieved without noticeable bias even for several hundred reflections. Also to be mentioned is the fact that the over estimate converges rapidly to the final solution; after a few reflections, the truncation error overestimate proposed in Sec. 3 provides a precise estimate of the sum of all radiative exchange via the infinite number of further reflections. These tests were required to gain confidence in the EMCM as a method for production of reference solutions that may be useful for the design of approximate methods such as those presented in (Menart et al., 1993). An important information for this goal is for instance the number of multiple reflections to be taken into account for a given accuracy and a given configuration type. Let ζ(i, j; r) be the ratio of the NER between the i^{th} and the j^{th} gas layers via r reflections over the full NER ψ(i, j). Since the ratio ζ(i, j; r) is, for highly reflective configurations and relatively thin media, approximately identical for all layer pairs, only its average value ζ(r) will be considered. Fig. 3 gives the evolution of ζ(r) versus the number of reflections for three dioxyde partial pressure P_{CO2} values. For P_{CO2} = 10^{−4}, 50% of the exchanges are due to the 10 first reflections; however it is interesting to note that 10% of the exchanges are occurring via more than 100 reflections and 1% via more than 800 reflections. Of course, the number of reflections decreases strongly as soon as the surface emissivities are not strictly zero : for emissivity values of 0.1 and P_{CO2} = 10^{−4}, the

25 first reflections contribute to 99% of the average energy NER (Fig. 4). Finally, some results are presented that illustrate the difference between the purely specular and purely diffuse assumptions. The ratio between the radiation budget for diffuse surfaces and the one for specular surfaces is plotted in Fig. 5 (for three specific layers) versus the partial pressure of CO_2. Along the reflective surface the ratio diffuse/specular starts at a value of one for extremely small concentrations of absorbing material and increases regularly with P_{CO2} , up to 13% for pure carbon dioxide. For gas volumes farther from the surface, the sensitivity to the reflective properties is much smaller (a few percent). The surface radiation budget appears to be much less sensitive to the reflective properties, as it was previously observed by Nelson (1979) for an isothermal gas volume. The same kind of results were obtained in the case of two highly reflective surfaces (ϵ_1 = ϵ_2 = 0.1).

5. Conclusion NEF and EMCM have been extended to configurations involving multiple reflection processes. Reference solutions are therefore available that should be very useful to test approximate methods in particular as far as spectral correlation problems are concerned. It is of interest to note that:

i. Specular and diffuse reflection assumptions yield very similar results for most configuration types : the multiple angular integration complexity can be avoided for first approximation computations.

ii. Truncation errors can be precisely estimated : in the specular case, such estimates take simple mathematical forms. Thus multiple reflection exchanges should be easy to model with better accuracy than the commonly encountered assumption of uncorrelated reflections.

Acknowledgments

We would like to thank L. Fairhead for English editing. This work was sponsored by PIRSEM/CNRS, ADEME “Service Habitat et Tertiaire” and “Ministère de la Recherche et de la Technologie”.

Bibliography

Cherkaoui, M., Dufresne, J. L., Fournier, R., Grandpeix, J. Y., Lahellec, A, 1996, “Monte Carlo Simulation of Radiation in Gases with a Narrow-Band Model and a Net-Exchange Formulation”, ASME Journal of Heat Transfer,, Vol.118, pp.401-407

Green, J. S. A., 1967, ”Division of Radiative Streams into Internal Transfer and Cooling to Space,” Quarterly Journal of the Royal Meteorological Society, Vol. 93, pp. 371-372.

Joseph, J. M., Bursztyn, R., 1976, ”A Radiative Cooling Model in the Thermal Infrared for Application to Models of the General Circulation,” Journal of Applied Meteorology, Vol. 15, pp. 319-325.

Menart, J. A., Lee, H. S., Kim, T. K., 1993, ”Discrete Ordinate Solutions of Nongray Radiative Transfer with Diffusely Reflecting Walls,” ASME Journal of Heat Transfer, Vol. 115, pp. 184-193.

Naraghi, M.H.N., Huan, J., 1991 “ An n-Bounce Method for Analysis of Radiative Transfer in Enclosure With Anisotropically Scattering Media,” ASME Journal of Heat Transfer, Vol. 113, pp.774-777.

Nelson, D. A., 1979, ”Band Radiation within Diffuse-Walled Enclosures, Part 1 : Exact Solutions for Simple Enclosures,” ASME Journal of Heat Transfer, Vol. 101, pp. 81-84.

Noble, J.J., 1975, “The Zone Method : Explicit Matrix Relations for Total Exchange Areas,” Int. J. Heat Mass Transfer, Vol. 18, pp. 261-269

Soufiani, A., Hartmann, J. M., and Taine, J., 1985, ”Validity of Band-Model Calculations for CO_2 and H_2O Applied to Radiative Properties and Conductive-Radiative Transfer,” Journal of Quantitative Spectroscopy and Radiative Transfer, Vol. 33, No. 3, pp. 243-257.

Soufiani, A.,1994, Personnal Communication, EM2C Laboratory (ECP-CNRS); Chatenay-Malabry; France.

*List of Figures

1 This figure displays an optical path γ = Γ(X_1, X_2, 4, ⃗Υ, 2), i.e. going from x_γ = X_1 to y_γ = X_2, leaving X_1 towards surface n_γ = 2, with r_γ = 4 reflections. The optical path is made of 5 straight segments, which yields a vector of cone angle cosines ⃗μ_γ = ⃗Υ which has a dimension of 5 (only the first component Υ(0) is shown). . . 12 2 Under and over estimate of the radiation budget for a particular layer (located at ≈ 0.04m from S(1)) as a function of the number of reflection. P_{CO2} = 10^{−3}, the two surfaces are perfect specular reflectors ( ϵ_1 = ϵ_2 = 0), the temperature profile is linear (295K at S(1) = 0 to 305K at S(2) = 1m). . . . . . . . . . . . . . . . . . 13 3 Ratio ζ(r) between the energy net-exchange rate through the r first reflections and the net-exchange rate through an infinite number of reflections as a function of r. The two surfaces are perfect diffuse reflectors ( ϵ_1 = ϵ_2 = 0), the temperature profile is linear (295K at S(1) = 0 to 305K at S(2) = 1m). . . . . . . . . . . . . . . . . . 14 4 Same ratio ζ(r) as Fig. 3 but for two values of the surface reclecivity (ϵ_1 = ϵ_2 = ϵ).

The dioxyde partial pressure is P_{CO2} = 10^{−4}. . . . . . . . . . . . . . . . . . . . . . 15 5 Ratio between the radiation budgets for diffuse reflections and the one for specular reflections versus partial pressures of absorbing gas (CO_2), in the case of one perfect reflector and one black surface (ϵ_1 = 0, ϵ_2 = 1). The temperature profile is linear (295K at S(1) = 0 to 305K at S(2) = 1m). Layer 1 is zero thickness and located along the reflective surface, layer 5 and layer 9 are respectively located at 0.04m and at 0.24m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Figure 1: This figure displays an optical path γ = Γ(X_1, X_2, 4, ⃗Υ, 2), i.e. going from x_γ = X_1 to y_γ = X_2, leaving X_1 towards surface n_γ = 2, with r_γ = 4 reflections. The optical path is made of 5 straight segments, which yields a vector of cone angle cosines ⃗μ_γ = ⃗Υ which has a dimension of 5 (only the first component Υ(0) is shown).

S(1) S(2)

X_2

X_1

M_γ (1) = 2

M_γ (4) = 1

M_γ (3) = 2

M_γ (2) = 1

Υ(0)

x

Figure 2: Under and over estimate of the radiation budget for a particular layer (located at ≈ 0.04m from S(1)) as a function of the number of reflection. P_{CO2} = 10^{−3}, the two surfaces are perfect specular reflectors ( ϵ_1 = ϵ_2 = 0), the temperature profile is linear (295K at S(1) = 0 to 305K at S(2) = 1m).

Figure 3: Ratio ζ(r) between the energy net-exchange rate through the r first reflections and the net-exchange rate through an infinite number of reflections as a function of r. The two surfaces are perfect diffuse reflectors ( ϵ_1 = ϵ_2 = 0), the temperature profile is linear (295K at S(1) = 0 to 305K at S(2) = 1m).

Figure 4: Same ratio ζ(r) as Fig. 3 but for two values of the surface reclecivity (ϵ_1 = ϵ_2 = ϵ). The dioxyde partial pressure is P_{CO2} = 10^{−4}.

Figure 5: Ratio between the radiation budgets for diffuse reflections and the one for specular reflections versus partial pressures of absorbing gas (CO_2), in the case of one perfect reflector and one black surface (ϵ_1 = 0, ϵ_2 = 1). The temperature profile is linear (295K at S(1) = 0 to 305K at S(2) = 1m). Layer 1 is zero thickness and located along the reflective surface, layer 5 and layer 9 are respectively located at 0.04m and at 0.24m .