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Warning: The derivation of parameterizations can be extremely
boring. One may only look at Introduction (pages 3 to 11), and
Comparisons (pages 30 to 33).

Context
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• Introduction (simulations GWon)

• Formalism (GW+mixing) BOoORING !!!
• Simulations v.s. Observations (GWon+mixing)



Sciences: 1. Waves-tracers interactions.
2. H2O escapes.
3. Impacts to Mars climate and Habitability.



PBL

U
middle atmosphere

upper atmosphere

lower atmosphere

turbopause 130-150 km

Non-orographic GWs:> Waves EP-flux
> > Divergences of EP-fluxes (Drags)
> > > Induced Turbulence/Mixing

> > > > Mixing Fluxes Induced Drags

Orographic GWs:

Orographic Blocked Flows

Top of Blocked Flows

> Drags from Blocked Flows
>Propagating Waves from Top of Blocked Flows



Mars PCM 5.625◦ × 3.75◦

∆x≈ 105 m

Model physical δt≈ 4.6× 102 s

↑
↑

Modeled gravity waves: 104-106 m
with life cycle of 88775 s

Lauritzen et al.(2011)

Gravity Waves in Mars PCM
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keff ∈ [4∆x, 10∆x] wavelength



Drags [m s−1 sol−1]

↑
clear-sky

↑
dusty

↑
clear-sky

↑
dusty

Liu et al.(2023),JGR-Planets:10.1029/2023JE007769

How Do Non-orographic Gravity Waves Propagate ?
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EP-flux [kg m−1 s−2 sol−1]



Effects on Flows

zonal winds=⇒

meridional winds=⇒



Drag on Circulation
clear-sky dusty

Φ

[109 kg s−1]

M

[109 kg m2 s−1]

Cold Bottleneck:100-150 km !!!



clear-sky

T
[K]

Tide
[K]



dusty

T
[K]

Tide
[K]



NGIMS/GWoff/GWon

CO2 number density

Local Solar Time:
day/night

⇑
⇑

180 km, MY32-MY35



Du

Dt
= −uw

r
− 2Ωw cosϕ+

uv tanϕ

r
+ 2Ω sinϕv − 1

ρr cosϕ

∂p

∂λ

Dv

Dt
= −vw

r
− u2 tanϕ

r
− 2Ω sinϕu− 1

ρr

∂p

∂ϕ

Dw

Dt
=
u2 + v2

r
+ 2Ω cosϕu− g − 1

ρ

∂p

∂r

Mass Continuity:
∂ρ

∂t
+∇ · ρu = 0

Thermodynamics: Dθ

Dt
=
θ

T

Q̇

cp

material derivative

D

Dt
=

∂

∂t
+ u · ∇

Governing Equations
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Momentum:



∇ = (
∂

∂x
,
∂

∂y
,
∂

∂z
)

u = (u, v, w)

Governing Equations: Linearization
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Consider the shallow atmosphere
of inviscid, adiabatic, non-rotating,
steady, hydrostatic,
incompressible, governing
equations of motion with the
Boussinesq approximation in
Cartesian coordinates (xi-yj-zk):

∂u

∂t
+ u∇u = −1

ρ
∇p− gk

∇u = 0

∂ρ

∂t
+∇ · ρu = 0

∂θ

∂t
+∇ · θu = 0

Linearize ∀κ ∈ [u, v, w, ρ, θ, T, p]:

κ = κ̄︸︷︷︸
mean

+ κ′︸︷︷︸
pertubation

with κ̄ ∽ κ̄(z), w̄ = 0 ,and

κ′ = κ̂︸︷︷︸
amplitudes

ei(kx+ly+mz−ωt)



Governing Equations in κ′ and κ̂ (Polarized Form)
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∂u′

∂t
+ ū

∂u′

∂x
+ v̄

∂u′

∂y
+ w′∂ū

∂z
= −1

ρ̄

∂p′

∂x

∂v′

∂t
+ ū

∂v′

∂x
+ v̄

∂v′

∂y
+ w′∂v̄

∂z
= −1

ρ̄

∂p′

∂y

∇u′ = 0

∂ρ′

∂t
+ ū

∂ρ′

∂x
+ v̄

∂ρ′

∂y
+ w′dρ̄

dz
= 0

∂θ′

∂t
+ ū

∂θ′

∂x
+ v̄

∂θ′

∂y
+ w′dθ̄

dz
= 0

∂w′

∂t
+ ū

∂w′

∂x
+ v̄

∂w′

∂y
= −1

ρ̄

∂p′

∂z
− ρ′

ρ̄
g

−iωû+ iūkû+ iv̄lû+ ŵ
∂ū

∂z
= − i

ρ̄
p̂k

−iωv̂ + iūkv̂ + iv̄lv̂ + ŵ
∂v̄

∂z
= − i

ρ̄
p̂l

ikû+ ilv̂ + imŵ = 0

−iωρ̂+ iūkρ̂+ iv̄lρ̂+ ŵ
dρ̄

dz
= 0

−iωθ̂ + iūkθ̂ + iv̄lθ̂ + ŵ
dθ̄

dz
= 0

−iωŵ + iūkŵ + iv̄lŵ = − i

ρ̄

dp̂

dz
− ρ̂

ρ̄
g



Governing Equations in κ′ and κ̂ (Polarized Form)
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Define Doppler-shifted intrinsic
frequency
Ω = ω − kū− lv̄ = ω − v⃗H k⃗
Differential IGL and potential
temperature θ:

1
θ
dθ
dz

= 1
ρ

[
1
c2s

dp
dz
− dρ

dz

]
, 1
c2s

= ρ
p
(1− R

Cp
)

The gravity wave has phase speed
far less than the sound speed:
1
θ
dθ
dz

= −1
ρ
dρ
dz

, θ′
θ̄
= −ρ′

ρ̄
,

N2 = −g
ρ̄
∂ρ̄
∂z

iΩû− ŵ
∂ū

∂z
=
i

ρ̄
p̂k

iΩv̂ − ŵ
∂v̄

∂z
=
i

ρ̄
p̂l

iΩŵ =
i

ρ̄

dp̂

dz
+
ρ̂

ρ̄
g

û = −m
k
ŵ; v̂ = −m

l
ŵ

iΩρ̂+ ŵ
ρ̄

g
N2 = 0

−iΩT ′ + w′Γ = 0



∂u

∂x
+
∂w

∂z
= 0 ⇒ u = −∂ψ

∂z
, w =

∂ψ

∂x
;

û = −∂ψ̂
∂z
, ikû+

dŵ

dz
= 0 ⇒ ŵ = ikψ̂

Ω(−k2 + d2

dz2
)ψ̂ + ψ̂k

d2ū

dz2
= b̂k

iΩρ̂+ ŵ
ρ̄

g
N2 = 0 ⇒ Ω2

N2
kb̂ = −Ωk2ψ̂

d2

dz2
ψ̂ + 1

ρ̄
dρ̄
dz
dψ
dz

+ (k
2N2

Ω2 + kūzz
Ω

+ k
Ω

1
ρ̄
dρ̄
dz
dū
dz

− k2)ψ̂ = 0

ρ̄ = ρs exp(−
z

H
)

Derivation of Taylor-Goldstein Equation
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In x-z plane:



w′
j = ŵj(z) e

z/2H︸ ︷︷ ︸
ρ(z)

ei(kjx+ljy+mjz−ωjt)

∂2ŵ(z)
∂z2

+

(
|⃗k|2N2

Ω2
+���������|⃗k|(u⃗zz − u⃗z/H)

Ω
− 1

4H2︸ ︷︷ ︸
Q(z)

)
ŵ(z) = 0

m2
r =

|⃗k|2N2

Ω2

vertical wavenumber of gravity wave:

Derivation of Taylor-Goldstein Equation
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∀jth monochromatic wave:



ŵj(z) ≈ A(z)|mr|−1/2exp

(
i

∫ z

0

mdζ

)
ŵj(zll+1)/ŵj(zll)

=⇒

ŵj(zll+1) = ŵj(zll)

√
mr(zll)

mr(zll+1)
exp

(
i

∫ zll+1

zll

mavedζ

)
m = mr + imi; i2 = −1 vertical wavenumber of turbulence

Lott et al.2012:

ŵj(zll+1) = Θ[Ω(zll+1)× Ω(zll)]︸ ︷︷ ︸
critical−layer

Min

{
ŵj(zll)

√
mr(zll)
mr(zll+1)

e−
µ
ρ

( ∫ zll+1
zll

mave
i dζ

)
, ŵj,s︸︷︷︸
saturation

}
kinematic viscosity

↑

turbulence
↓

WKB Approximation
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Approximation solution to the Taylor-Goldstein equation:



E⃗
zr

j (kj, lj, ωj) = ℜ
{
ρr
ûŵ∗

2

}
û = −m

|⃗k|
ŵ

E⃗zr
j (kj, lj, ωj) = −ρr k⃗

2|⃗k|
mj(zr)|ŵj(zr)|2 k⃗Ω

|⃗kΩ|

ŵj(zll+1) = Θ[Ω(zll+1)× Ω(zll)]︸ ︷︷ ︸
critical−layer

Min

{
ŵj(zll)

√
mr(zll)

mr(zll+1)
e−

µ
ρ

( ∫ zll+1
zll

mave
i dζ

)
, ŵj,s︸︷︷︸
saturation

}
kinematic viscosity

↑

turbulence
↓

EP-Flux
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Pseudo-Momentum:



Turbulence from Waves

20

Assumption 1: Turbulence triggered by the wave momentum releasing, viz.
Turbulence ∝ ∇(E⃗)

Assumption 2: Non-superadiabatic Principle
|dT
dz
|gw ⩽ Γ (Lindez 1981)

Assumption 3: Sysmetric Principle

Assumption 4: Linear Damping (instabilty-to-turbulence efficiency)



Wave Thermodynamics: mi at zb
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Assumption 2: Non-superadiabatic Principle
−iΩT ′ + w′Γ = 0 w′

j = ŵj(z) e
z/2H︸ ︷︷ ︸
ρ(z)

ei(kjx+ljy+mjz−ωjt)

ik⃗j(c− ū)δT = ŵje
z/2HΓ

ℜ
{
dδT
dz

}
= −ΓA|mr|3/2e

∫ z
0 ( 1

2H
−mi)dζ

N |⃗k|

ℜ
{
dδT
dz

}
= − ΓA

N |⃗k|
exp

{∫ z
0

[
1
2H

+ 3
2

∣∣∣∣ 1
N
∂N
∂ζ

− 1
Ω
∂Ω
∂ζ

∣∣∣∣−mi

]
dζ

}
1
2H

+ 3
2

∣∣∣∣ 1
N
∂N
∂z

− 1
Ω
∂Ω
∂z

∣∣∣∣ = mi,s, z = zb,∀j ∈ [1, 8]



ℜ
{dδT
dz

}
= −ΓA|mr|3/2e

∫ z
0 ( 1

2H
−mi)dζ

N |⃗k|

A2m−1
r exp

(
− 2

∫ zb
0
midζ

)
= m−4

r N2|⃗k|2 exp
(
−
∫ zb
0

1
H
dζ

)
, z = zb

Saturation altitude zb andA2

Wave Thermodynamics: NSP
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Assumption 2: NSP |dT
dz
|2gw = Γ2



|ŵj(zb)|2 ≈ A2m−1
r exp

(
− 2

∫ zb

0

midζ

)
= m−4

r N2 |⃗k|2 exp
(
−
∫ zb

0

1

H
dζ

)
=

Ω4

N2|⃗k|2
exp

(
−

∫ zb

0

1

H
dζ

)

ŵj,s =
Ω2

|⃗k|N
e−z/2HSc

k∗

|⃗k|

A2m−1
r exp

(
− 2

∫ zb

0

midζ

)
= m−4

r N2|⃗k|2 exp
(
−

∫ zb

0

1

H
dζ

)
z ∈ [zb, zb + δzll]

E⃗
zll+1

j =
k⃗Ω

|⃗k||Ω|
Θ[Ω(zll+1)Ω(zll)]

Min

{
|E⃗zll

j |e−2
µmi
ρ
δz, ρrS

2
c e

− zave
H

|Ω|3k∗2

2N |⃗k|4

}

=⇒

⇓

⇐=

Wave Thermodynamics: Saturated EP-flux
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Assumption 2: Non-superadiabatic Principle |dT
dz
|2gw = Γ2



Wave Thermodynamics: Linear Damping
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Assumption 4: Linear Damping

Dj
eddy

∂
∂z2

 ū

δT

 = −m2
rD

j
thermal

 ū

δT


Prandtl = Dj

eddy/D
j
thermal = 1

[i⃗k(c− ū) +m2
rDeddy]δT = w′Γ

m = mr + imi, we rewrite c = cr + ici,

k⃗ci = m2
rD

j
eddy



c = cr + ici

k⃗ci = m2
rD

j
eddy

m =
N |⃗k|

k⃗(ū− c)

=
N |⃗k|

k⃗(ū− cr)− im2
rD

j
eddy

= − N |⃗k|Ω
Ω2 +�����m4

rD
2
eddy

+ i
N |⃗k|m2

rD
j
eddy

Ω2 +�����m4
rD

2
eddy

mi =
N |⃗k|m2

rDeddy

Ω2 =
m3

rD
j
eddy

Ω
, z ∈ [surface, top]

⇐=

Wave Thermodynamics: Linear Damping

25

Assumption 4: Linear Damping: The turbulencemi and ci,



Eddy Diffusion Coefficient z = zb
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Since

mi =
N |⃗k|m2

rD
j
eddy

Ω2
, z ∈ [surf, top]

Saturated vertical wavenumber of turbulence,

1
2H

+ 3
2

∣∣∣∣ 1
N
∂N
∂z

− 1
Ω
∂Ω
∂z

∣∣∣∣ = mi,s, z = zb

Dj
eddy =

Ω4

N3|⃗k|3

(
3

2

∣∣∣∣ 1N dN

dz
− 1

Ω

dΩ

dz

∣∣∣∣+ 1

2H

)

Dj
eddy = Smix

Ω4

N3 |⃗k|3

(
3
2

∣∣∣∣ 1
N
dN
dz

− 1
Ω
dΩ
dz

∣∣∣∣+ 1
2H

)
, z = zb



Eddy Diffusion Coefficient z > zb
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Assumption 1: Turbulence triggered by momentum releasing, viz,
Turbulence ∝ ∇(E⃗)

−1

ρ

∂E⃗z
j

∂z
= αeff

Ω3

N |⃗k|2
mi

k⃗

|⃗k|

= αeff
Ω3

N |⃗k|2

(
3

2

∣∣∣∣ 1N dN

dz
− 1

Ω

dΩ

dz

∣∣∣∣+ 1

2H

)
k⃗

|⃗k|
, z > zb

Dj
eddy = αeff

Ω

N2 |⃗k|

{
− 1

ρ

∂E⃗z
j

∂z

}
, z > zb



Eddy Diffusion Coefficient z < zb
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Assumption 3: Sysmetric Principle: empirical fit

Dj
eddy = B × n−1/2

q

Since we know n ∝ exp− z
H

,

Dj
eddy = Dj

eddy(zb)e
βdiff (z−zb)/H , z < zb



Dj
eddy =


Min

[
αeff

Ω

N2 |⃗k|

(
− 1

ρ
∂E⃗
∂z

)
, Smix

Ω4

N3 |⃗k|3

(
3
2

∣∣∣∣ 1
N
dN
dz

− 1
Ω
dΩ
dz

∣∣∣∣+ 1
2H

)]
, z ≥ zb

Deddy(zb) exp

[
βdiff

(z−zb)
H

]
, z < zb

αeff = Smix = 0.1 and βdiff = 3
2

General Equation
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Eddy diffusion coefficient ∀jth monochromatic wave:



Eddy Diffusion Coefficient
Deddy =

∑M
j=1D

j
Eddy,M = 8

Drags (GW drags not mixing drags)

↑
clear-sky

↑
dusty

↑
clear-sky

↑
dusty
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Thank you for your time and interest in this topic. Please feel
free to ask any questions.
Je vous remercie pour votre temps et votre intérêt. N’hésitez
pas à poser vos questions.

jiandong.liu@lmd.ipsl.fr
jiandong.liu@cnrs-orleans.fr
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